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Chapter 1

Foreword

Quantum mechanics is the fundemental theory of all modern physics. As such it is
a significant part of our understanding of Nature. It employs sophisticated math-
ematical models whose interpretation still poses unresolved physical and philo-
sophical questions. Some of these lead to phenomena which are unusual and
counterintuitive from an everyday perspective. In spite of this, quantum mechan-
ics is a very successful theory. While its grounding fathers considered it as a
theory for multipartite systems not verifyable on the level of individual physical
systems, the formidable development of experimental technology (especially that
of quantum optics) in the last decades has made the direct observation of these
conterintuitive phenomena viable. And indeed: quantum mechanics appears to
be valid for individual physical systems. Moreover, the accessibility of quantum
phenomena seems to find its way to practical applications. The paradigm shift
in physics introduced by quantum mechanics seems to be repeated in the field
of information theory and information processing: quantum information now has
a well-established reputation amongst future and emerging technologies. While
quantum random generators and some quantum ciphers are commercial products
already, yet there are still a lot of details to be better understood.

The goal of the present textbook is to provide a brief inside into some of the basic
elements of quantum information to students taking part in a university training
at the Faculty of Engineering and Information Technology at University of Pécs.
Most of these attendees have never been trained in the field of physics especially
in quantum physics, hence the overview of the fundamental quantum mechanics
given in the introductory chapter is a bit wider than in other books with similar
aims.
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Quantum information science is often deeply related to the fundamental aspects of
quantum mechanics. These aspects sometimes lead to paradoxical consequences
when viewed from a classical physical perspective. Our other aim was to give a
deeper understand of such paradoxes.



Chapter 2

Introduction to quantum mechanics

In this chapter we draw some of the basic elements of quantum physics. We
will mostly follow Prof. Dr. Tamds Geszti’s guideline presented in his excellent
university quantum physics book! (written in hungarian language). Actually this
chapter includes the translation of some chapters from Tamas Geszti’s book on
quantum mechanics. We do not know any person who can give a better summary
of the knowledge we need for understanding the fundamentals of our subject,
than Prof. Geszti. Hence instead of trying to compete with his work, we just try
to translate its relating parts from hungarian to english.

2.1 The beginning of the quantum theory

2.1.1 Planck’s radiation law

By the end of the 19th century the building of the classical physics had been com-
plete. Faraday and Maxwell grounded the discipline of eletrodynamics including
the theory of emission and propagation of electromagnetic waves. Later this the-
ory was proved by Hertz’s experiments. Soon after it became evident that both
light and thermal radiation belong to the family of this kind of waves. Simulta-
neously thermodynamics and statistical physics were born to start to discover the
microscopical structure of the matter. Some dramatic realizations of Dalton and
Avogadro denoted also this direction.

ltitled Kvantummechanika

11



12 CHAPTER 2. INTRODUCTION TO QUANTUM MECHANICS

Coupling of thermal radiation and thermodynamics led to an incredibly semi-
nal synthesis started by the theoretical investigation of Kirchoff. By that time
from Bunsen’s and others’ experiments spectral structures of the thermal radia-
tion had been known for many kinds of material or in other words the energy
current e(v, T')dv emitted into a frequency interval dv around a given frequency
v by some material held at a temperature 7" was known. From this energy cur-
rent, emission spectra was defined for different kinds of material. It was also
known that from the incoming radiation, materials absorb the energy with a speed
a(v, T)u(v, T)dv which is proportional to the energy density u(v, T')dv for each
frequency range dv, where the absorption spectrum a(v, T') differs for each kind
of material. e(v, T") and a(v, T') did not seem to be independent on each other: the
colour (frequency) in which a material emits radiation with a high intensity at a
given temperature 7' is the same colour which is absorbed by the material with a
similar rate.

Kirchhoff was the person who realized this cannot be a coincidence, but this is the
necessary condition for the thermal equilibrium between the thermal radiation and
the emitter-absorber bodies with a temperature 7" in a cavity with the same tem-
perature: if the rate between emission and absorption was not the same for each
kind of material the energy would permanently flow from the strongly emitting
materials towards the strongly absorbing ones which can be a stationary state but
cannot be a thermal equilibrium. Conclusion:

=u(v,T) (2.1)

is a universal function or in other words u(v, T') is the same for every material in
the universe and has the following meaning: u(v, T')dv is the density of the radiat-
ing energy in the frequency interval dv in a cavity with a temperature 7". Intensive
experimental work was started to define this function. This work was founded on
the observation according to which a very little hole on the wall of a cavity hardly
disturbs the thermal equilibrium between the radiation and the walls of the cavity,
hence a spectroscope directed onto the hole will show the spectral composition
of the equilibratory radiation in the cavity. After several reflections the light in-
coming into the cavity through the hole, will be absorbed by the walls, sooner
than it can get out of the cavity. This is the reason why this thermal radiation
source is called absolute black body: a hole absorbing everything and emitting
only radiation of thermal equilibrium, nothing else.

The spectral distribution of the outcoming energy density can be found out from
the warming of a bolometer taken all along the screen of the spectroscope. Lots
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of similar examinations were performed by many of the laboratories all over the
world on different ranges of the spectrum and by the beginning of 20th century
a u(v,T) spectral function had been produced covering a wide frequency and
temperature interval.

There was also a theoretical prediction according to which in a cavity (whose ex-
tension is much more greater than wavelengths that can be occured) with a volume
V, in the dv interval, the number of the independent modes of the electromag-
netic radiation with a propagation speed ¢? equals V (87/c3)v2dv. Each of these
modes is considered as a harmonic oscillator having an energy of kz7" according
to the equipartition theorem, where kg = 1.38 x 10723J/K is the Boltzmann
constant. From this it follows that the energy density belonging to each unit of
volume u(v,T) = (87/c®)kpr*T.> This formula had to be altered. From a the-
oretical viewpoint, integrating this expression on the range of 0 to co, we get a
radiational energy with an infinite value which is impossible. (The appearance
of the infinity comes from the contribution of high frequencies, hence it is called
“ultraviolett catastrophe”.) The solution of the problem can be read out from the
experimental results: beyond a certain frequency v,,,,, = BT, function u(v,T')
is cut down. Hence the radiational energy integrated according to the frequency
is finite: U(T) ~ V(AB/3)T*. This result is in line with Stefan-Boltzmann law
according to which 7" dependence is a consequence of the general properties of
pressure of light.

The point of the story was written by Max Planck who found out the physical
meaning of the factor B and quantum theory was born. According to Planck’s
explanation every harmonic oscillator (including the electromagnetic radiational
modes) can absorb energy in hv quanta proportional to the frequency, where

h=6.6x10"*Js (2.2)

is the Planck constant. Evidently there are modes whose frequency is too big to
take the energy belonging to the given mode, because the value of k57" (according
to the equipartition theorem) does not reach the value of the energy quantum hAv.
So at a given temperature 7', only those wave modes (with a quasi continuous
distribution) take part in the thermal excitation where hv < hv,,,, = k1. From
this it follows the factor of the place of the frequency cuts B ~ kp/h. Now we
can replace the Rayleigh-Jeans law with the precise fromula called Planck’s law:

2Where c denotes the speed of light

3This is the Rayleigh-Jeans law.

*Wien’s displacement law because the location of the maximum is displaced proportional to
the T increase
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2.1.2 The photoelectric phenomenon: Lénard and Einstein

The next appearance of the Planck constant & was related to the experiment of the
Hungarian scientist Fiilop Lénard who got a Nobel Prize for it. The relating for-
mula was discovered by Einstein. The essence of the photoelectric phenomenon is
that electrons can be disengaged from a metal electrode by light. In his experiment
Léndrd measured the energy of the disengaged electrons (denoted by E,0t0e1) and
realized it did not depend on the intensity of the light but depended on the colour
of the light only.

Expressing the colour via the frequency of the light, Einstein (1905) wrote the
formula into the following shape:

Ephotoel = hv — W7 (24)

where h is the well known Planck constant and W is the exit work which is a
feature of the illuminated metal electrode. According to Einsein’s explanation,
which was not believed by Fiilop Lénard till the end of his life but was a reference
base for Eintein’s Nobel Prize, the incident light consists of energy quanta or
in other word “photons”. In case of electron-emission each electron takes the
energy of exactly one piece of photon. Some part of this energy covers the exit
work W and the other part changes the kinetic energy of the emitted electron:
Ephotoer = hv — W. Though photon hypothesis was believed by nobody for 20
years, after the borning of quantum mechanics Einstein turned out to be right.

2.1.3 The spectrum of atomic gases: from Rutherford’s model
to the Bohr model

In his experiment (1911), Rutherford analyzed the bounce of high energy pos-
itively charged a-particles of electrically neutral materials. It was found that
the biggest part of the mass of any kind of material is crowded in the positively
charged tiny nuclei surrounded by negatively charged easy electrons. According
to Rutherford’s explanation, the reason why an electron does not fall into the nu-
cleus is that in every atom negatively charged electrons orbit around the positively
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charged nucleus - as planets do around their sun in a real solar system. This is
the Rutherford model, where centrifugal force keeps ballance with the Coulomb
attraction. Unfortunately, this model has a mistake, namely the nucleus and the
orbiting electron together form a rotating (viewed sideward: vibrating) electric
dipole which system soon enough loses its energy by radiation, hence the electron
should fall into the nucleus along a spiral shaped trajectory. The problem was
solved by the analysis of the interaction between electrons and light (as we saw
this approach was useful when photoelectric phenomenon was analyized). In the
relating experiments the spectrum of the simpliest material was observed, namely:
the monatomic hydrogen gas.

According to the measurements spectrum of the atomic gases consists of sharp
lines belonging to a lot of frequency values. This chaos can be reduced by writing
these frequencies as differences of two members:

Vi = Ay — A, 2.5)

Thinking about this, Niels Bohr was the person who found out (in 1913) that there
can be a connection between equation 2.5 and Planck’s quantum hypothesis or
rather Einstein’s photon hypothesis: let us multiply both sides of equation 2.5 by
the Planck constant A and introduce the informative notation hA,, = E,,:

thn =En — Ena (2.6)

whose obvious interpretation is that - from some unknown reason - certain sharply
defined “’stationary” electron trajectories - with an energy E,,, E, - of the atom
avoid the trap of the continuous dipole radiation>. However, once in a while, the
atom emits or absorbs a photon with an energy hv,,, by leaps. At that moment
when it happens, the electron jumps from one of its stationary trajectories to an-
other one. If we want to know what will exactly happen (as we know it can be
either emission or absorbtion), we have to find out the relation between the en-
ergy of the initial trajectory and the energy of the final trajectory. Equation 2.6
expresses the law of the energy conservation in the process of the quantum leap.

Though everything we dealt with so far is valid for all kind of monatomic gases, in
the case of Hydrogen there is more to be learn. According to Rydberg’s empirical
formula

>The existence of the stable electron trajectories with discreet (or in other word noncontinuous)
energy values was proved by the Frank-Hertz experiment (in 1914).
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E, = —Ry/n? (2.7)

where Ry is the Rydberg constant. In Bohr’s interpretation this formula can be
deduced if the electron orbits along a circle shaped trajectory and the radius 7 of
the circle shaped stationary trajectories (which avoid the trap of the continuous
radiation) are selected from the many of the trajectories allowed by the classical
mechanics (but also containing radiation, thus condemned to collapse by eletro-
dynamics) by the following ”quantum condition” (which refers to the angular mo-
mentum L = pr = M_,vr):

h
L =n— = nh. (2.8)
2

Here we introduced a (in quantum mechanics) commonly used notation: h =
h/2m. Tts value li = 1.03 x 1073*.Js. From the calculation for the radius of the
trajectory with a value n = 1 (Bohr radius) we get the following value:

. 47T€0h2

_ —11
BE ra = 5.3 x 107 'm, 2.9)

where M, = 0.91 x 10739 is the mass of the electron, e = 1.6 x 107?C is the
charge of the electron and ¢ is the dielectric permeability of the vacuum, its value
in ST units is 8.85 x 107'2C?/Jm. In the end, for the factor of the equation 2.7,
we get the following value:

e* M,

— T _~218x107%8J ~ 13.6eV. 2.10
(dmeq) 222 ‘ 10

Ry =

Replacing the factors of the right side of equation 2.10 with the experimentally
measured values we get the frequencies of the spectrum lines of monatomic hy-
drogen with a very high accuracy. According to the conventions of physics, an
accordance with such a high accuracy is a sure sign for Bohr’s quantum condition
that it takes some important feature of the physical reality. Inserting 27 into the
formula 2.8 may seem to be arbitrary, still it gave into Bohr’s hand the key of this
numeric accordance (just like a code to open a safe). The only thing we have to
do is to try to understand how and why.
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2.1.4 De Broglie: the interpretation of the Bohr formula with
matter waves

As Einstein remarked, since according to Maxwell’s electrodynamics a momen-
tum F/c belongs to the energy F of an electromagnetic wave, also a photon with
an energy hv has a momentum p = hv/c = h/A. From Einstein’s point of view
this was an essential step to consider photon as a full member of elementary par-
ticles.

In 1924, Louis de Broglie discovered a fantastic explanation for Bohr’s quantum
condition. His contexture was the following: Reversing Einstein’s argument, he
supposed that a motion of some kind of matter wave can be assigned for an elec-
tron moving with a momentum p = M_v. If Einsten’s connection

A= 2.11)
p

holds true for the case of the mentioned matter wave, we get an amazingly simple
explanation of Bohr’s quantum condition. And indeed: altering equation 2.8, we
can rewrite it into another shape:

h
2Tr = n— = nA, 2.12)
p

where - as we know - n is an integer number, which means that the circulating
wave closed into itself can continue its stationary undisturbed wave-motion per-
petually. This selects Bohr’s stationary orbits.

The 2.11 de Broglie relation, which creates a connection between the wavelength
of the electron moving like a wave and the momentum of the electron moving
like a flying ball is one of the fundamental connections in quantum mechanics. In
addition to this it is true not only for photons or electrons, but for any of quantum
motions too. Since momentum is not a scalar quantity, but a vector, we need to
introduce the wave-vector /2, whoose length is £ = 27/ while its direction is
normal to the wave front. Thus equation 2.11 can be softened into the following
form:

7= hk. (2.13)

De Broglie found a wide variety of argument to make the existence of the matter



18 CHAPTER 2. INTRODUCTION TO QUANTUM MECHANICS

waves plausible. The most directed one is that if in case of some conditions a light
wave acts like a particle (photon), then we must not be surprised by the behaviour
of an electron when it acts like a wave in case of certain conditions.

There is a more sophisticated argument: if we know the energy of a vibrational
quantum is related to the frequency of a vibration (as we saw in Planck’s formula:
E = hv = hw), then we have to remember that in Einstein’s relativity, energy
E and the three components of momentum p together forms a four-vector and
this is exactly the case when we consider the ensemble of pulsatance w and the
components of wave-vector k. Thus if a temporal vibrational motion belongs to
the energy, then a wave motion is related to the spacial momentum: the existence
of the matter wave is required by the symmetry-world of relativity!

At first sight, this argument may seem to be extraordinary, but it is very effective:
in modern physics it is a beloved toy to predict the existence of something built
upon a symmetry and then to find the predicted object (or phenomenon, etc). The
enormous heuristic power of relativity helped many times the advance of quantum
theory in the past.

A lot of fundamental questions seem to be swept under the carpet:

e How can something move like a tiny ball, if it is a wave?

e Though we do not know what an electron is exactly, we are sure it is a
charged object. In this case it should emit during a rotary motion. How does
Bohr - de Broglie quantum condition ensure it does not emit the energy of
its rotary motion instantly?

e What waves?

These important questions were solved in a surprisingly simple way at the end
of the 1920’s and quantum mechanics was born. The next section is devoted to
clarify these problems including the experiments which proved the existence of
the matter waves.
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2.2 The elementary properties of the matter waves

2.2.1 Interference experiments from the electron to Cy

The most sightful wave phenomenon is the interference, where a wave can be
divided to partwaves. These partwaves then go along different trajectories divided
in space and/or in time conserving their vibrational phase which derives from
their common origin. At the end of the proceed, after crossing they make each
others more intens or weaker depending on the phase difference which was created
during the separated fly.

The following tools are required in case we want to observe the interference:

e a wave source: if we deal with light we can use a lamp or a laser source, but
if we want to analyse matter waves we have to use some hot matter which
can be an electron cannon with a hot cathode and an accelerating electrode,
or a stove vaporizing atoms and molecules, or we can use some kind of
neutron source such as a reactor emitting neutrons or a spallation neutron
source;

a beam splitter: a screen with double slit, an optical lattice, or a semi-
permeable mirror;

e a space enough: which is needed when we insert objects to influence the
phase and amplitude of the part beams;

by chance a beam amplifier which is just like a beam splitter;

a detector or a system of detectors which observes the interference pattern.

The interference of light was first observed 200 years ago. For this, as a nov-
elty, the existence of hard separable light-quanta was discovered in the 20th cen-
tury. However, matter waves appear in the interference of elementary or complex
matter-particles (like electrons, atoms or molecules) which was a shocking sur-
prise at that time. The interference pattern can be observed even in the case of so
weak beam intensity where it is evident that only one piece of particle propagates
as a wave, divides on a beam splitter and interfere with itself, and the pattern can
not be resulted by the collective motion of many particles.

For the first time, electron-interference was observed by Davisson and Germer.
At that time, in 1927, this was a Nobel Prize experiment. Nowadays, it is routine
accessory of electron microscopes.
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Neutron interference became a routine technic in interference experiments in the
seventies. We will give a deeply detailed discussion of this experiment later as an
indroduction for the idea of quantumbits (or in short: qubits).

In the case of atoms or molecules, it is hard to create a source and to solve the
detection too. If we deal with molecules an additional difficulty appears, namely
the effect of the vibration and rotation of the molecule which smudges the in-
terference. In 1999, the Zeilinger-Arndt experimental group in Vienna achieved
sensational experiments in which interference of Cgy and C', fullerene-molecules
and some other similar sized organic molecules was observed. The mass of the
biggest molecules in these interference experiments was about 3 x 10~2*kg which
seems to be a hard breaking limit because matters consisting of heavier molecules
can not be vaporized in a stove, hence there is no known way to create a wave
source from them.

2.2.2 The superposition theorem

The electric field strength depending on space and time is the amplitude of the
light-wave. The changing height of the surfice of the roughish water - relative
to the level of the static water - is the amplitude of the water-wave. Convention-
ally, as Schrodinger introduced, the amplitude of the matter-wave is denoted by
the symbol W (7, ¢) and quantum mechanics is required to enlighten the physical
content of this function.

In interference-phenomena, the amplitudes of the part waves are summed up. Be-
ing signed quantities (or - by chance - vectors), their resultant summation can both
intensify and weaken depending on space and time. This effect results the typi-
cal interference fringes. Our detectors observe these phenomena via the infensity
of the wave. In case of electrical or mechanical waves, the intensity is the abso-
lute value square of the amplitude. Accepting - as a trial - this conception in the
case of matter waves too, quantity |V (7, ¢)|? has to be considered the intensity of
the wave. Using this, we can describe the interference of two part waves in the
following way:

W1 (7, t) + BU2(F, ) = [a* [Ty (7 )" + | B[ Pa (7, 1)

+a" B (T, )W (T t) + ™ Uy (7, t) W5 (7, 1), @19

where ¥ can be a complex number® and the operation of complex conjugation is

6Tt will be useful later.
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denoted by the symbol *. Factors a and 3 in the linear combination oV (7, t) +
B4 (7, t) denote the possibility of the two part waves to take part in the interfer-
ence with different weights. The first two members on the right side of equation
2.14 is the sum of the intensities of the two part waves weighted according to the
linear combination. The interference itself is denoted by the last two members: the
mixed products resulting a negative number where and when the two part waves
vibrate in opposite phase (destructive interference) and resulting a positive num-
ber (constructive interference) if the two part waves vibrate in the same phase. Let
us notice v and (3 are mostly complex, thus they can shift the interference pattern
with their complex phase.

The following statement is experimentally verified for electromagnetic waves prop-
agated in vacuum: Suppose we have two part waves evolving in time separately.
After their time evolution, the sum of them is as exactly the same as a resultant
wave in case we had the linear combination of them at the beginning of the time
evolution. This is expressed mathematically by the linearity of Maxwell’s equa-
tions. For water waves, linear combination can be applied just as a rough approx-
imation. Thus it is extremly surprising to find it true in case of matter waves: the
superposition of these waves is preserved during their time evolution with a huge
accuracy. This experience is expressed by the superposition theorem which is one
of the fundamental laws of quantum mechanics. Mathematically it means that an
equation describing the propagation of the matter waves has to be linear. The 90-
year-old superposition theorem has never been caught at fault in the micro-world,
even in the most exotic circumstances.

On the other hand, macroscopic bodies never appear in a superposition of different
places or states. If quantum mechanics was valid for us, it would be enough for
us to take part in an interaction with a particle whose state is a superposition and
our state would be also superposition. This absurdity appears in Schrodinger’s
famous “cat-metaphor”: in a box, a cat-killer tool (controlled by a detector which
clicks in case of observing a radiogenic a-particle) kills a cat. According to the
linear quantum mechanics, while the a-particle is in the superposition of the states
“already emitted” and “not emitted yet”, due to the detector(cat killer tool)-cat
interaction, the cat is in the superposition of the states ”dead” and “alive” too.

No one has seen anything like this. The conclusion is obvious: for cats, people,
macroscopic bodies laws of the linear quantum mechanics are not valid. We do
not know yet if there is a continuous transit between the macro- and microworld.
Nevertheless, it is very important to know that each known physical system is on
one of the two coasts of this micro-macro abyss and never inside of it. Quantum
mechanics describes the interactions between the two world (macro and micro)
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with perfectly working rules. Making a measurement on a micro system with
macroscopic detectors is a typical one of these interactions.

2.2.3 Wave packet, group velocity

The wave motion can seem to be the motion of a flying particle (just like the
feather of a water wave). With the help of the superposition theorem, we can
say that a wave packet takes shape from the superposition of waves with different
wavelengths. This analogy is precise and significant. In a randomly created su-
perposition, waves whose wavelengths are different extinguish each other in most
of the places. Wave packets can take shape in places only where phase of the part
waves coincide with each other. Since phase-velocities of the part waves are not
the same, the place of the wave packet is moving. The velocity of this motion is
called group velocity.

Its mathematics is very simple. Consider a plane wave propagating along the z-
axes of a coordinate system. The wave number of this wave is k = 27/ and it
can be described mathematically in the following way:

Uy (z,t) = sin(Yg(z, t)) = sin(kz — wt), (2.15)

from where it can be seen that places with the same phase i) propagate with a
velocity Vphase = w/k. Let us assemble (create a superposition) different plane
waves whose wave number £ is a continuous variable and whose frequency de-
pends on the wave number in the following way: w = w(k). The resutlant wave
amplitude can be calculated from a Fourier integral in which the components are
integrated with some kind of ¢(k) real weights:

Uy, 1) = / c(k) sinfka — w(k) 1] dk. (2.16)

Here comes the mathematical point. As we have already mentioned, the integrated
sum of the components with different wavelength equals 0 in most of the x places
and ¢ times. Exceptions are the cohesive (z,t) pairs, where and when the k-
derivative phase disappears, or in other words there is no oscillation:

0
%[k:c —w(k)t] =z —

t=0. 2.17)
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From this formula, it follows that these time-dependent places are moving with a
velocity

ow(k
Vgroup = _cgg{; >, (2.18)

which is called group velocity.

So far, we dealt with waves propagating along the z-axis only. However, in a real
life situation a plane wave can be propagated along any of the directions denoted
by a wave vector k. In this case the group velocity can be calculated according to
the following expression:

dw (k)

= 2.19
T (2.19)

Varoup =

Only one step we need to do so as to believe that the motion of a wave packet
has something to do with the motion of a pointlike particle (whose motion can be
described by the tools of classial mechanics). Let us recall the Bohr - de Broglie
rules of the wave-particle correspondence: hw = F, hk = p. Applying these
rules, we can reshape equation 2.19:

. _O0E(@TF) 0 (p ) P
Vgroup == a—ﬁ 85(_ + V(T‘) == E’ (220)

which equals the velocity come from the classical mechanics!

As anyone can see here, the thing is really that how our world is working. Nev-
ertheless the wave packet- picture is limited, because in the microworld wave
packets are short-lived objects, they arise and feather. In certain exceptional cir-
cumstances (for example in case of harmonic vibrational motion), there can be
wave packets which swing stably instead of feathering. This kind of wave packets
are called coherent states.

2.2.4 Motion in a force field

We expect quantum mechanics to desribe also those situations which are well
featured by classical mechanics, namely quantum mechanics has to be able to
give a precise description of motions in a force field featured by a potential V' (7).
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From classical mechanics we know that in a case like this, there is an acceleration
proprotional to the force —V'V, while energy £ = p?/2m + V(i) is a constant.
If a body goes to a place where the potential V' (7*) reaches its total energy F, or
in other words it falls foul of the potential wall, it will bounces.

Though there is energy conservation in the world of waves too, the motion shows a
wider variety of forms than classically. First of all, correspondently equation 2.11,
where V (7) changes (while energy F remains unchanged), wavelength changes
too. Expressing it via wave number, we get that

k(7 = %\/2m(E V). 221)

So, in case of moving along the force (potential energy decrease) the wave num-
ber of a localized wave packet increase. Or in other words, also its momentum
increase, in line with the Newtonian mechanics. If we consider a nonlocalized
wave packet which can be a self-contained wave feathering along a closed trajec-
tory, we meet a nice generalization of Bohr’s quantum condition: in this case a
standing wave corresponds to the circulating motion along a q coordinate, because
the length of the total trajectory is the integral multiple of the wavelength \(¢). A
fraction of dg/A(q) of the wavelength can fit on a line segment dg at a given po-
sition ¢. So if § dg/A(q) = n is an integer number, the motion will be stationary,
because this is the condition of a stationary motion. Or in another shape:

]{ p(g)dg =nh. (2.22)

This expression was discovered by Sommerfeld before de Broglie’s wave picture,
hence it is called Bohr-Sommerfeld quantum condition.

In case of rebounding from a potential wall there is a shocking phenomenon,
namely waves do not act like flying balls in classical mechanics. This is already
known from classical optics: in case of total reflection, light gets into the reflec-
tive medium as an evanescent wave. This is exactly the case when we deal with
matter wave: where V(7) > E, kinetic energy hk?/2m is negative. For waves,
this means that the wave number £ is imaginary, hence it can be written in this
way: k = ik, where & is a real number. In this case, the wave-amplitude depends
on the depth z of the influx according to the following formula: ¢** = ¢~** orin
other words, the amplitude decreases exponentially, instead of oscillating. What
is it all about? If the "forbidden” - V' > F - interval is thin enough, then there is a
little fraction of the matter wave which gets over the potential wall. This is called
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tunnelling effect and has a lot of manifestations: this is the way for an «-particle
to get out of the radioactive nucleus, and this makes it possible for the electric
current to get through the oxidized surfaces of the light switch. In biological mu-
tations and important enzyme reaction, the tunnelling of protons has a central role:
without it, we would not have come into being.

2.2.5 Semiclassical motion and transition into the classical me-
chanics

Wave packets are extended and complex in general, thus we need to know its shape
in detail to predict its behaviour. Nevertheles, in a limiting case, when the size of
the wave packet is much smaller than the range of the motion (it means that the
wave packet consists of short waves), motion of the wave packet can be derived
from the equations of the classical mechanics. This is said to be the semiclassical
approximation of the quantum mechanics. Important systems belonging to this
limiting case are said to be mesoscopic, or in other words, they are on the limit
of the microscopic and macroscopic range (between the two “world”). These
systems are well testable experimentally. and they can be electrons moving in
semiconductor structures (on a very low temperature). It is important for these
kind of structures to be made of very clean materials.

At the very beginning of the quantum mechanics, connection between quantum
and classical mechanics seemed to be understood in this way: in a certain limit-
ing case (for instance in case of short wavelength) quantum mechanics turns into
classical mechanics. This was called correspondence principle by Bohr. Formally,
this principle works but our faith (in its content simplicity) has disappeared by this
time. While wave packets show wave properties, namely it can interfere, its phe-
nomena have to be described by quantum mechanics. Though the motion of a
wave packet (in the mentioned limiting case) obey the law of classical mechanics,
existence of classical mechanics is not near understood from the viewpoint of the
quantum theory.

We have to step forward to understand the really classical physics. In the last
quarter of the 20th century Zeh and Zurek reached a significant progress in under-
standing how coherence of the matter waves can vanishes while heading towards
macroworld from microworld. The key element is the quantum mechanical de-
scription of the interaction with the environment. Though this result was great
breakthrough, there are still open questions in this topic, especially in the field of
quantum measurement. Clarification of these problems lays upon the new mille-
nium.
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2.2.6 Uncertainty relation

A wave packet is similar to a flying particle but not exactly the same thing. While
a particle has definite position and momentum, in case of a wave packet, these
quantities can be defined with a limited accuracy. Indeed, wave packets have a
Az width which can be considered the uncertainty of the location (for the sake
of simplicity we restrict the motion to one dimension again). On the other hand,
according to the equation 2.16, the wave packet consits of plane waves selected
from a wave number interval whose width is Ak. From this it follows that wave
packets have also a momentum uncertainty Ap = hAk.

These uncertainties are not independent of each other, because they are roughly
inversely proportional to each other. Generalized mathematical details will be
discussed later, but the content of this topic is fairly simple: if an averagely inert
wave packet is made of plane waves with wave numbers from the interval 0 to
kmax = Ak, then the size of the wave packet is roughly the half of the shortest
wavelength, that is

Ax &= Apin/2 = 7/ kmag.- (2.23)

Similarly, the scatter of the momentum is

Ap & Bz /2. (2.24)

Their product is

AzAp =~ hr/2. (2.25)

The precise result derived in a future chapter yields an exact limit:

AxAp > h/2. (2.26)

Expression 2.26 is Heisenberg’s uncertainty relation which was said to be the
most important result of quantumm mechanics for a long time. By now we got
used to it and use it routinely with many of its analougous formulae. One of them
is the connection between the uncertainty of time and uncertainty of the energy: if
we want to define the date of an event with an accuracy At, we have to assemble
periodical vibrations from a frequency interval Aw > 1/(2At) so as to get an
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impulse with a length At. According to quantum mechanics £ = hw of energy
belongs to a vibration whose frequency is w. Hence, for this case uncertainty
relation is

AtAE > h/2, (2.27)

which shows that the energy of a particle (decayed in a finite time) can not be
totally definite.

Let us mark: bounds ruled by the uncertainty relations would dessapeared in the
h — 0 limiting case, which is one of the expressions of the correspondence theo-
rem.

2.2.7 The size and energy of the ground state

Why are atoms so big? For the nucleus end elecrons, much less place would be
enough. In addition to this, even the potential energy would be lower, because of
the Coulomb attraction. However, in this case their kinetic energy would increase,
because of the uncertainty relation. There is a most stable size, where the sum of
the potential and kinetic energy is the smallest that can be. This is the quantum
mechanical ground state.

More precisely, according to the uncertainty relation, the quadratic average devi-
ation (from 0) of momentum increases to /°/(2 Ax)? when the size is reduced to
Azx. The value of the kinetic energy belonging to this size equals 7% /8m (Ax)?.
The stable size and its ground state energy can be defined as the minimum of the
total energy

hQ

(2.28)

The resulted value depends on the potential V' (x) which holds the system together.
Let us try out this method for some cases. In case of a harmonic oscillator V' (z) =
(m/2)w?z?. From this expression, it follows that the size belonging to the minimal
energy is Az = \/h/2mw and the ground state energy (“zero point vibration™)
equals F,,;, = hw/2. This result is too good to be true, but it is: if we solved the
Schrodinger equation, we would see that our result obtained by a rough estimate
is correct.
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As another trial, let us consider the hydrogen atom. In Bohr’s model, the potential
of the attraction between proton and electron is V (r) = —e?/4megr. Replacing
Ax with r in the expression of the energy, for the place of the minimum we get
a value of r = h2mey/e2m, and for the energy —e'm /8m2e2h? is the calculated
value. This result is four times greater than the ground state energy of Bohr’s
model, but as for the order of megnitude, it is a correct result.

The strategy when we minimize an approximate energy formula (according to
its free parameters, here: Ax and r) and get an estimate for the ground state
energy is called variational principle. In the last 90 years, a significant part of our
physical knowledge has been discovered by applying more and more sophisticated
variational princiles. The presented primitive version can be named as bagger’s
variational principle.

2.2.8 Randomness and Born’s statistical interpretation

There is one more important step we have to take: what does the intensity of waves
mean? The direct answer: intensity is a thing measured by detectors, photography
or observations of a fluorescent screen in interference experiments.

A more sophisticated answer turns out in those cases, when the intensity of the
incoming matter wave is so small that maximum one piece of particle can be
contained by the experimental setup or less. In a situation like this, experiments
show a dramatical picture: one detector clicks only, one place on the screen flashes
only, one point of the film’s becomes black only at the same time and if the particle
survives the detection, after the observation the whole matter wave will start to
pass on, from the point where the particle was detected. The position of this
point depends on the randomness. However from the random events, interference
pattern stands out in time! This phenomenon is expressed mathematically by
Born’s rule:

W (F, t)|*d*r (2.29)

is the probability for a detector to find a particle — which corresponds to the matter
wave with an amplitude ¥(7, t) — around a place denoted by 7, in a volume d°r.
In other words: |V (7, t)|? is the finding probability density of the particle.

It is an independent experience (from things dealt with so far, it does not follow)
that a particle can be found on one place only (here or there etc.) but never on
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several places at the same time. These events mutually exclude each other. Hence
the probability of finding the particle certainly somewhere in the space is the sum
(or integral) of probabilities 2.29:

/ (7, t)*d*r = 1. (2.30)

This significant feature is called the normalization of the wave function.

At length, we can get used to the thing that the invisible tiny electron is not a
yellow pillet, but it is a wave. Stranger properties of quantum mechanics starts
from the randomness of the detectation. Experimentally the only possibility for
us to come at matter waves is our detectors. And they yield random signs. This
feature belongs to the wave function inseparately. Thus wave function is named
probability amplitude too.

The really mysterious thing is that one detector fires only, every time! How does
a detector know another one fires, hence it has to be quiet? This was first noticed
by Einstein at a conference and in a few years topic of Einstein-Podolsky-Rosen
correlations emerged from this remark’. Born’s rule holds true with a very high
accuracy in all cases where it can be checked (just as the superposition theorem).

In the formula 2.29, we can find the square of the absolute value of a complex
number. If we multiply the wave function by a complex number ¢’X whose abso-
lut value is a unit, the square of the absolut value of the wave function remains
unchanged. This feature holds true for every combination which can be observed
(measured), hence wave functions @ () and ®(x)e’X are equivalent physically.

2.2.9 Standing waves: matter conservation and complex am-
plitude

Superposition theorem creates a nice trap situation. How should we describe a
matter wave emerging at that moment when an electron is just being reflected
from a reflective surface and it is present in the incoming and in the reflected
wave at the sam time? Let us sum a plane wave heading to the right and another
one heading to the left: the resultant wave is:

sin(kx — wt) 4 sin(—kz —wt) = 2sin(wt) cos(kx). (2.31)

"This topic will be discussed later in the field of quantum entanglement.
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This expression describes a standing wave disappearing twice per period. Ques-
tion: what is with the law of matter conservation in such case? Where is the
electron when the wave disappears? Rules discussed so far can not answer this
queation correctly. Its solution was discovered by Schrodinger. He suggested to
rewrite the wave amplitude via a complex function. In case of waves, vibrations,
this is a commonly used mathematical trick. We can sum comlex numbers more
easily than trigonometric functions, but in such cases one keeps in mind that the
real part of the complex function is the reality. However, in this situation, our trick
becomes reality: a remaining particle (as matter wave) has to be described really
with a complex function and physical content is included by the whole function,
not only its real part.

How does it work? The amplitude of a plane wave heading to the right is e?**—*?
now. The superposition of the plane wave heading to the left and another one

heading to the right is:

e’ikxfiwt 4 e*ikﬂ?*iwt — 2eiwt COS(kx). (232)
It never disappears, it just rotates on the complex plane. In case of functions with
a shape like this, the absolute value square, the wave intensity, or in other words
the finding probability density does not change in time, because [e |2 = 1, so
there is no problem with matter conservation anymore.

This is the key for us to solve the ’no radiation” paradox which seemed to be
unsolvable in Bohr’s atom model: stationary electron orbits are actually standing
waves with an amplitude of e~ !®(7). In these standing waves, distribution of
the electric charge density remains unchanged in time, thus electromagnetic waves
are not emitted.

However during a transition between two stationary orbits, the state of an elec-
tron (in the "language of waves”) is the following superposition: c;e~ ™ !®, () +
coe” 21 ®y (7). Meanwhile the finding probabilty density of the electron — hence
also the distribution of the electric charge density — changes in time in this way:

|e1e™ 110 () + e TRy (P = [ 2| @1 (F)* + |eaf*| @o () [+ (2.33)
2R[c1c5D1 () D5 (7)] cos(wia t) + 2[e1 5P (7) D3 (7)] cos(wia t), '

which is an oscillation with a pulsatance wis = w; — wy = (E; — Ey)/h corre-
spondently with the Bohr’s condition.
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2.3 Schrodinger equation for a single particle

Though a flying particle can move along an arbitrary complicated trajectory, at a
given time, it is in a well defined position. Waves have much more subtle patterns:
during their propagation they can collide blocks and can be reflected from them.
According to the superposition theorem, the sum of the incident and reflected
waves become more and more sophisticated. How can a wave pattern like this be
described?

Optics has already answered this question in the 19th century: we must not care
for booking of the multiple reflections, rather it is advisable to loof for a wave
equation: we should find a linear partial differential equation which can be sat-
isfied by any of the plane waves separately and — because of linearity — their
superpositions too. After finding the equation we have to solvi it with respect to
the given boundary conditions. This guideline was determined and achieved by
Schrodinger (1926) in quantum mechanics. Thus at that time de Broglie’s playful
fantasy about matter waves became a sterling and unbelievable effective part of
theoretical physics.

2.3.1 The ’deduction” of the Schrodinger equation

Let us find out the steps for Schrodinger equation. We have already known that a
plane wave with a wave vector k and a pulsatance w is the quantum mechanical
analogy of moving particle with a momentum p = hk and a Eenergy I/ = hw.
Hence the amplitude of a plane wave (or in other word wave function as named
by Schrodinger) can be written in the following way:

U(F,t) = e = o (FT=E1) (2.34)

Moving in a force free space, the energy of the particle consists of kinetic energy
only:

E=—. (2.35)

This condition restricts the possible shape of plane wave 2.34. The condition it-
self can be checked by reading the energy and the momentum appertaining to the
plane wave 2.34 and putting them in equation 2.35. Our experiences related to the
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superposition theorem suggest to deduce a linear equation, hence the operation
of reading has to be linear too. Since in equation 2.34, energy and momentum
are in the exponent, the adequate operation is the derivation of the wave func-
tion W(7, ¢). We will have a time-derivative and place vector-derivative (the latter
means gradient denoted by the symbol v (nabla)). Since in equation 2.35 p? is
found, operation V has to be done twice:

0 1
Ty- gy
o
VU — %ﬁ\p; (2.36)
N\ 2
- = 1 oL 1
(V-V)¥ =AU = (ﬁ) (p-p)¥ = —?pQ\II,

where A = V - V is the Laplace operator. After arranging these results:

0
h—VU = FU;
T ’
iRV = §U: 2.37)
2 2
LN
2m 2m

As we can see these equations are eigenvalue-equations of differenctial operators.
Namely: energy E, momentum p, and kinetic energy p*/2m can be read as the
eigenvalues of — in sequence — the following operators: ih(9/dt), —ih(V) (it is
actually a vector-operator) and —(h?/2m)/\. As it has turned out, plane wave
2.34 is the common eigenfunction of these operators. Now we are ready to use

the condition 2.35:

0 K2
maqf - —%m. (2.38)

This was a significant step: we got the Schrodinger equation (which is a motion
equation) of the free (force free) motion! From this moment we are not restricted
by the plane wave picture or the eigenfunctions of energy and momentum, but we
can look for their arbitrary superpositions in accordance with the initial boundary
conditions.
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There is one more important step we have to do: we need to handle the pres-
ence of a force field. In the simpliest (and commonest) case, there is a potential
energy V() depending on the position. In this situation, according to the logic
of classical physics equation 2.35 has to be completed by inserting this potential
energy:

2
p

EFE=—+V

2m+ (

) = H(p,7), (2.39)
where on the right side, H is the Hamiltonian function (known from classical
mechanics), which — in case of a simple motion with a scalar potential- corre-
sponds with the energy depending on position and momentum. As it can be seen,
when energy FE is a constant, momentum depends on position only. While V' (7)
is a smooth function, consequances can be found out easily: though connection
p = Ik remains, the wave will not be a plane wave anymore, but a wave mo-
tion whose wavelength is changing from place to place, accordance with equation
2.21. Value of the wave vector can be read from place to place with the help of
the operator —inabla. From this, we get a wave eqquation:

g Ay + V(AU (2.40)
1 at = om T . .

Though it is a crazy courage to try out how this equation works (as a rough math-
ematical model) if V' (7) is not a smooth function but it changes quickly in the
range of the wavelength (just like in the hydrogen atom at the inner Bohr orbits),
the result is shocking: the solutions of the equation yield the energy of the station-
ary electron orbits (and a lot of other properties discussed later) with a very high
accuracy.

Thus equation 2.40 is not a rough model but a new essential equation of the phys-
ical description of nature. This is the Schrodinger equation of a particle (with a

mass ) moving in a force field featured by a potential V' ()

2.3.2 The quantum state and the Hamiltonian operator

The equation obtained at the end of the previous subsection points beyond the
wave equation of a single particle. First af all, the motion of the "particle” is de-
scribed as a wave motion which is much more various than we knew it in the pic-
ture of the classical mechanics. The quantum state of a particle can be described
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by giving the complex function W (7, t). The 2.40 Schrédinger equation describes
the time evolution of the quantum state. This equation has a basic structure which
can be written in the following way:

0 7
FTAT

HU, (2.41)
where H is the Hamiltonian operator whose shape (in the particular case) can be
seen below:

B2
H=_—A+V(). 242
=BV 242
This operator can be built, if we have the /' Hamiltonian function of the given
system (for simple cases we need its energy expressed with momentums and co-
ordinates) and we replace the momentum with the momentum operator met in
equation 2.37:

7= p= —ihV. (2.43)

Henceforward operators which are the quantum mechanical analogy of some quan-
tity in classical physics will be denoted by putting a ’hat” on its “classical” nota-
tion. The role of the operators begins to stand out. Keeping at the particular case
of the momentum, the ornated waves are mostly the superposition of plane waves
propagating along a wide variety of directions. Hence in a motion like this, mo-
mentum does not have a definite value in general: plane waves — eigenfunctions
of the momentum operator or in other word — refering to the physical content —
eigenstates of the momentum — are just a kind of reference. However, in case of
momentum measurement, this reference has a central role: at the beginning of
the measurement, wave function are divided in space, according to modes limited
by sideward. Though these modes are limited in space, they can be considered
plane waves (the shape of them are almost the same). Commonly, this procedure
means that the wave function is divided according to the approximate eigenstates
of the quantity to be measured (in case of momentum this is done by an opri-
val lattice). Each detector selects a part wave (and only one detector belongs to
each part wave) and the corresponsive eigenvalue is considered the result of the
measurement.

In section 2.6 we will meet the mathematical analogy of the experimental division:
any complicated wave function can be expressed according to the eigenfunctions
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of the quantity to be measured (in case of momentum, this expression is just the
Fourier serie) and the statistics of measurement of the given quantity can be calcu-
lated from the factors of the expression. The above mentioned construction of the
Hamiltonian operator seems to be one-sided: it is not clear why we replaced the
momentum with an operator and why we did not the same with the place coordi-
nate. Actually we did it, just did not realise, because the operator of the position
is the multiplication with the space coordinate which is valid for all function de-
pending on place (for instance for V' (7)): hence V' (7")W is just the correct operator
combination.

The explanation of this strange statement is that eigenfunctions of the position
operator are functions localized on a definite place. Dirac delta function is the
prototype of this kind of functions: it is an infinitely high and narrow barbs with
a unit volume localized in some place 7: [ 6(F — 7p)d®r = 1; 6(F — 1) = 0 if
7" # 19. If a position operator defined in the way above has an affect on a function
like this, we get the following result:

FO(F — 7o) = FO(F — 7o) = 7o 0 (F — ), (2.44)

so it works as it can be expected from an operator: it multiplies its eigenfunction
by its eigenvalue.

2.3.3 The commutation relation of the position and the mo-
mentum

Knowing the operators of the position and the momentum we learn an essential
and very important mathematical feature which can be used to solve a wide variety
of problem in quantum mechanics without solving the Schrodinger equation. In
addition to this it is used as a heuristic compass in a lot of cases when particular
laws are not discovered yet. This feature is the following: if an operator acts on a
function and then another one acts on the same function, the order of their action
is not irrelevant in point of the result: operators are mostly incommutable.

Firstly, let us consider functions f(z) depending the coordinate = only. If op-
erators act on a function of them (one after another), it is obvious how to write
these actions: it is the product of the operators. Operator which acts on the func-
tion first has to be written on the right and the second one has to be put on the
left. According to the above mentioned, z(0/0x) f(x) = xf'(x); (0/0x)x f(x) =
f(z)+x f'(x). The difference between them is f(z). Symbolically it can be writ-
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ten in the following way: (8/0x)x — 2(9/0z) = I Now let us try to calculate
the effect of the commutation of operators p, = —ih(0/0x) and & = x. First of
all it is useful to introduce the notation of the commutator of two operators (for
example A and B):

[A,B] =: AB — BA. (2.45)

Then according to the above mentioned:

(e, #] = —ih. (2.46)

Obviously, the same commutation relation applies to coordinate and momentum
operators with directions either y or . On the other hand p, and y commutable,
because in case of derivation according to x, y act like a constant. Summarized:

where ¢, j = z, y, z and 0;; = 1if ¢ = j, O otherwise (Kronecker-delta). These
commutation relations were first introduced by Heisenberg, without reference to
Schrédinger equation, using an abstract mathematical formalism.

The trivial generalisation of this result is the “canonical quantization”: similar
commutation relations are valid between canonically conjugated momentum —
coordinate pairs. Nevertheless there are numerous exceptions of this rule, hence it
is practical to calculate the commutators from directly the particular shape of the
operators.

2.3.4 Stationary states and the time-independent Schrodinger
equation

Now it is easy to define the quantum mechanical analogy of the stationary, non-
radiating Bohr’s orbits. These quantum states are such solutions of 2.41 Schrodinger
equation where time dependence and place dependence split into a product shape
and time dependence belongs to a defined frequency or in other word: a defined
energy. The shape of these wave functions (which are the solutions of the equa-
tion) can be seen below:
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U(F 1) = e 1D(F) = e—%Et(I)(F). (2.48)

Substituting this into the equation 2.41 and simplifying with e=*f, we get this
equation:

H® = E®, (2.49)

which is extremly expressive: energy value &2 = hw, which defines the w oscilla-
tion frequency of the complex wave function is one of the eigenvalue of Hamilto-
nian operator H. So stationar states are energy eigenstates and their sharply de-
fined energies can be obtained by solving the eigenvalue problem belonging to the
Hamiltonian operator. The name of equation 2.49 is time independent Schrodinger
equation or energy eigenvalue equation. Probability density | U7, ¢)|* belonging
to the wave function whose shape is given in 2.48 does not change in time, thus
the density of the charge distribution of the electron is a constant too. Most of the
time a Hamiltonian operator is a differential operator. From this it follows that
its eigenvalue problem (as a partial differential equation) remains undefined until
boundary conditions referring to the eigenfunctions are not given. Indeed, though
solutions to the equation existence for any £ energy value, many of them does
not satisfy the boundary conditions. Requirements of physics show up among the
mathematical tools in the shape of the boundary conditions.

2.4 Properties of the solution of Schrodinger equa-
tion

The physical content of the Schrodinger equation is connected with direct math-
ematical properties. To know the physical background can be an aid in solving
the mathematical problem. In this short section we will meet the physical prop-
erties of the finding probability of remaining (non emerging and non vanishing)
particles: we will see that probability density is flowing from one place to another
one as a fluid, but it never vanishes. In addition to this, we will review the typical
cases of boundary conditions which define the energy eigenvalues.
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2.4.1 Normalization

In subsection 2.2.8, we met Born’s rule according to which the probability of
finding a particle (whose state is ¥(7,¢)) in the volume d®r near the position 7
at a time ¢ equals |U(7,¢)|>d®>r. Finding at different places at the same time is
not possible. This is called “particle properties” which is not a trivial feature but
one of the essential experiences of quantum mechanics: in case of one piece of
particle one detector may fire only. Hence detecting a particle here an detecting
the same particle there are exclusive events. The ensemble probability of finding
a particle here or there is the sum of the probabilities of the individual events. If a
particle exists, it will be found somewhere by the detectors: its probability is the
sum of the probabilities of all possible detection events:

/ W (7, t)|*d*r = 1. (2.50)

This expression is called the normalization of the wave function. Since Schrodinger
equation is linear (both time-dependent and time-indepentent), it is no need to care
about the normalization of the solution permanently, it is enough to multiply the
obtained solution by a constant making 2.50 true. However, this can be done in
only the case when integral 2.50 is finite. In this case wave function is said to be
normalizable. Condition which makes wave function normalizable is often used
as a boundary condition in solving the time-independent Schrodinger equation:
discreet eigenvalues describing physical reality is selected from the continuum
of energy values £ by this condition many times. It is important to know that
there are functions which can not be normalized among the simple wave func-
tions which we have already met: one of these wave function is the plane wave
with an infinit spacial extension. This is the eigenfunction of the momentum op-
erator. The other is the eigenfunction of the operator of position vector, namely
the Dirac delta function. Nevertheless we need to use these functions, thus their
size has to be held. Fortunatelly there is an other way for it (more on this later).

2.4.2 The boundary conditions and the spectrum

Using the 2.49 Schrodinger equation with the shape of the Hamiltonian operator
in expression 2.42, we get the following differential equation:

I G (F) = (B - V(7)a(). (2.51)

2m
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In this equation the place-dependent potential energy V' (77) is an input data. Not
known things to be defined are energy eigenvalue £ and its energy eigenfunction
O (7). As we know this equation has solutions for any energy value £. We can
select from these, if we base on solutions where ®(7) satisfies boundary condi-
tions required by physics. The whole bulk of solutions allowed by the boundary
conditions is called the spectrum of the Hamiltonian operator.

The mentioned boundary conditions are the following

e the wave function has to be continuous.
e the wave function has to be single-valued function of the coordinates.

e in case of describing a bound state, the wave function has to be normaliz-
able.

Spectrum defined by the boundary consitions can have both discreet and continu-
ous regions. From the microworld, discreet specrum was the first message about
natural laws differing from the classical rules. Typically, discreet energy eigen-
values can be observed in case of energy eigenstates bounded in a potential well
(for instance electrons bounded in an atom). Several eigenfunction may belong
to a discreet eigenvalue. This kind of eigenvalue is said to be degenerate. Free
propagating waves have continuous energy eigenvalues.

2.4.3 Matter conservation and the complex wave function: the
continuity equation

For the probability density |¥(7,¢)|* = U(7,¢)¥*(r, ) an important conservation
theorem follows from the wave equation 2.40 and its complex conjugate. The
deduction:

O(TT*) = WU + UH,U* = ;—h(xp*mf — UATH). (2.52)

m

Using the Green theorem (from vector analysis), we can rewrite this equation into
the following form:

&(VU*) = -V - J, (2.53)
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where

J= - (TV 4 UV (2.54)
2m

is the density of the probability current. Equation 2.53 is a formal continutity
equation, hence it describes the conservation of the total probability. This is the
reason why in case of time-dependent Schrodinger equation, it is enough to nor-
malize in the initial condition because it holds true afterwards.

2.5 A simple solution of the Schrodinger equation

In a standard course for physicist students, one begins to learn quantum mechan-
ics in the following way: each student solves the time-independent Schrodinger
equation for some simple cases. Probably there is no better method for a physicist
student. Nevertheless, it is important to keep in mind we are not in a course like
this and persons taking part in this course has never been trained in physics since
they became university students. In addition to this, all the basic knowledge which
help them understand quantum information has to be included in the opening of
this subject. Hence — having few time — we have to skip or shorten many things
that can be found in this introductory chapter. Such things are the simple solutions
of the Schrédinger equation too. In a physiscist course this section would contain
the description of the cases enumerated below

e bound states of an infinite potential well

e reflection symmetry

e finite potential

e particle locked up in a box

o tunnelling effect and resonance scattering

e stationary states of the harmonic oscillator
Because of the above-mentioned reasons, actually we should skip all this section.
However, on the other hand, for the sake of presentation of the kind of think-

ing necessary in quantum mechanics, we need to show at least one of the cases
enumerated above.



CHAPTER 2. INTRODUCTION TO QUANTUM MECHANICS 41

Let the harmonic oscillator be the presented system.

2.5.1 The stationary states of the harmonic oscillator

Harmonic oscillator is probably the most important solvable modell in physics.
The word “’solvable” means this modell can be totally followed by an analytic (not
numeric) calculation. This modell is used to describe numerous systems found in
nature: vibrations of molecules and cristalls, and — after some simple replace-
ments of variables — vibrations of the electromagnetic field can be featured by
this modell too. Besides the mentioned systems, there are a number of other sys-
tems that can be described if they are constructed by many harmonic oscillators.
Furthermore there are systems that can be understood, if they are approximated
by perturbated oscillators. In this subsection we will deal with this fundamental
modell only. The treatment itself will be built in a simple way without using the
general formalism of quantum mechanics®.

Consider a particle with a mass m. A flexible force has an effect of his parti-

cle: ' = —Dx. The solution of this equation is
d?z
M = —Dx (2.55)
x = xgcos(wt + 9). (2.56)

It is clear that the particle does vibrational motion along the direction of the force,

where 1z is the amplitude of the vibration, w = 27v = \/% is the pulsatance

and ¢ is a phase constant. A particle (or masspoint) with a harmonic vibrational
motion is called linear oscillator. Now, we calculate the energy-eigenvalues of the
oscillator. First of all, we consider its energy-operator:

N2 2

. D w*m _
b= 2.57
om T 2 ¥ (2.57)

As it is known, in a case like this p = %% and 2 corresponds to the multiplication

by z. Using these knowledge, we write the eigenvalue-equation:

8Nevertheless we will learn about this formalism in the next section.
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h2d2 2
___2/)+wm

2
it =By (2.58)

After reshaping it, we get the following expression:

2
% + 271—21(15 — %mw2az2)w =0 (2.59)
We are looking for the regular solutions of this equation and eigenvalues belong-
ing to them. We can do it using Sommerfeld’s polinom method. Its essence is that
first we find the asymptotic solution of the equation (for big = values) and then
we multiply the obtained solution by a polynom with a finite power and look for
the regular solution of the original equation in this shape. Let us introduce the
following notation

2F
k=— 2.60
e (2.60)
and a new variable (instead of x)
= %x (2.61)
Thus 2.59 gets a new form:
d2_¢+(k_§2)¢_0 (2.62)
ae = 0. .

The asymptotic shape of this equation can be seen below:

d2
d—gf Sy — (2.63)
Its solution is
e
Yo=¢€"7. (2.64)

The exact solution of 2.62 is sought in the following shape:
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v =e 2v(§). (2.65)

If we put this expression into 2.62, we get a differential equation which defines

v():

d?v dv
AR+ k-Du=o. (2.66)

Function v(§) is written in a polynomial shape:

v(&) =) el (2.67)
r=0

Coefficients of the polynom has to be defined in such a way that the solution 2.65
can be a regular one. Let us create the first and second differential quotients of

v(&):
v g re & (2.68)
T -, , .

d?v

@ = Z r(r—1)c,& 2. (2.69)

r

After putting them into 2.66, on the left side of the equation we get a series ad-
vancing according to the powers of &:

SHE+2)(r+ Derss — (2r +1 - k)e, }¢ = 0. (2.70)

r

This equation holds true for all values of &, if the coefficients of all powers of &
equal 0. After vanishing of the coefficient of £", we get a connection between the
coefficients of ¢, - and c,:

2r+1—k%k
S e bk N 271
A PAED TR 2.71)
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It can be seen that function 2.65 will be regular in the case only when polynom
v(&) has a finite power, in other words from a particular » = n every coeffitients
are identically zero. If the greatest exponent is denoted by n, then — according to
2.71 — ¢pi0 = 0. It comes true, if

2n+1=k. (2.72)

From the connection 2.60 between eigenvalue £ and parameter k, we get:

E, =hw <n + %) = hv (n + %) (2.73)

As we can see, energy-eigenvalues of the oscillator can not have arbitrary values,
because they may be the integral multiples of the quantum hv only. The eigen-
value which belongs ton = 0 is

Ey = % (2.74)

This is called the zero point energy of the oscillator. This very interesting fact
means that a quantum mechanical oscillator has a nonzero sum of energy, even in
its totaly relaxed state(!). In addition to this: a quantum mechanical oscillator may
not have an energy which is less than the calculated zero point energy. In classical
physics, it is not possible. Difference of two neighbouring levels of energy:

E,—E,1=hv. (2.75)
As we saw, using operators quantum mechanics gives a natural explanation of the
Planck-hypothesis.

The eigenfunction which belongs to the eigenvalue F,, is

52

Uy =€ Zuy(§). (2.76)

The polynom v,,(§) is called the n-th degree Hermite-polynom and it is denoted
by H,(£). Based on 2.66, the differential equation defining H,,(£) can be written
as
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2H dH,
n_9¢— " 4 on, = 0. 2.77
o g 0 (2.77)

So the n-th eigenfunction is

R ;A (3) (2.78)

These results can be applied for explaining the vibrational spectrum of mulecules
that consist of two atoms, because in such molecules atoms are bounded by forces
that are nearly flexible:

F=—D(r —ro), (2.79)

where 7 is the distance between the nuclei of the atoms and 7 is their equilibratory
distance. By reason of the force 2.79, molecule does flexible vibrations whose
possible energy-values are given by eigenvalues 2.73. When a molecule goes
from an excited state to a state that belongs to a lower level of energy, it emits a
radiation whose frequency can be calculated by using Bohr’s frequency-condition:

E,—~E,, 1 [D
=" " = = (2.80)

g h T2tV m
After measuring the frequency of the emitted light, coefficient D of the flexible
force that holds atoms together can be calculated by using 2.80. For example, for
molecule of hydrochloric acid, D = 4.806 x 102N-m™! is given by measurements.
The existence of zero-point-energy has been proved by observations in molecular
spectroscopy.

Before finishing this section, it is important to introduce a quantity which belongs
to this topic but will be useful later. Though the calculation of the normalization
integral of Hermite polynom is not a trivial task, eigenfunction n = 0 can be ob-
tained based on knowledges in probability theory: the zeroth-order is a constant,
hence the relating probability distribution function is a Gauss distribution with
some scatter: [ (z)[2 = e(~7*/20%)/(V210) that is:

1 22
= e 1.2, 2.81
¢0(x) \/%0_6 ( )
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2
Compared this to the function shape e~

ground state wave packet can be read:

and the definition of &, scatter of the

h
=1/ —. (2.82)
2mw

It is worth memorizing this result. Let us notice that scatter becomes 0 — in accor-
dance with classical mechanics — if / vanishes or the mass of the oscillator is very
big or in case of a very strong spiral.

There is another thing that has to be mentioned, namely the energy eigenvalue
belonging to n = 0. As we saw in this case energy is not 0 but £y = hv/2 = hw/2
(the zero point energy). As it was dicussed in subsection 2.2.7, the available
minimum energy is ensured by not the localization on the bottom of the potential
well, but a wave packet with a Gaussian curve whose width is \/h/2mw. This
wave packet has both a little potential and kinetic energy, but their sum is the
smallest.

2.6 The general formalism

The region of physics which had been known before quantum mechanics was
born is named classical physics and considered as a simplified picture of our
world. However this simplified picture gives an amazingly precise description
of the macroscopic world and it has been never caught at any laxaty, nowhere. In
classical physics the state of a pointlike body (or particle) at a time ¢ is given by
two vectors: one of these denotes the position of the body, the other one gives its
speed. If we know the forces acting on the body and the 6 components of the men-
tioned vectors, we can calculate (predict) how the particle will move in the future.
This rigorous causality one of the best proved facts of classical physiscs: this is
the reason why planning of our houses and machines are entrusted to engineers,
insdead of magician.

In microscopic world, we need a more sophisticated and detailed description: a
structureless, pointlike particle moves spaciously as a wave and wave function
U (7, t) which describes the amplitude of the wave motion changes in time. And
this function describes the state of the particle at a time ¢. It has all information
about position, momentum and anything which we want to know. The time evo-
lution of this function described by Schrédinger equation which is as strict law of
nature as Newton equations (which describes the motion of a classical body).
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We have already met the randomness which appeared at the measurement of quan-
tum systems. Born’s rule dealt with the measurement of the position only. This
will be generalized to measurements of other quantities now. The obtained statis-
tic laws describe a wide variety of experiments with different systems.

A long time ago, a statistical approach of multipartite systems was possible only.
However, in the last decades, the formidable development of experimental tech-
nology on the level of individual physical systems has made the direct observation
of this kind of objects viable.

During the discovery of the consequences of the Schrodinger equation, a beautiful
mathematical structure appears: this is the Hilbert space whose vectors are quan-
tum states moved by operators belonging to physical quantities. Numerous results
will be obtained from the compact expressiveness of this picture. This section is
aimed to collect them.

2.6.1 Wave function and quantum state; observable physical
quantities and operators

Particles with a state described by the wave function generally do not have definite
position, momentum, angular momentum, energy, except for the special cases
when wave function is the eigenfunction of the operator of the particular physical
quantity. We have already met some of these cases. We have learned that 0 (77— 7j)
is the wave function of a particle localized on the place 7. On the other hand
§(7 — 7o) is the eigenfunction of the position operator® for its eigenvalue 7.
Similarly, e/"77 is the wave function of a particle with a momentum . On the
other part this is the eigenfunction of the momentum operator'® for its eigenvalue
p.

The global rule is the following: Each observable and measurable physical quan-
tity has an operator whose eigenfunctions are the wave functions in which the
given quantity has a definite value. This definite value is just the eigenvalue of the
operator and belongs to the given eigenfunction.

Most of the time, a wave function is not an eigenfunction of an operator of some
known physical quantity. Nevertheless, it can be constructed as a linear combi-
nation of the eigenfunctions of an arbitrary physical quantity. Mathematically,
Fourier line extraction of a function means exactly this. Physically, as we will see

°As we know, its operation is the multiplication with 7.
10ts operation is (/i) V.
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in the next point, a construction like this is closely linked to the measurement of
the given quantity. Eigenfunctions of operators of the essential physical quantities
form a complete system. This means that any kind of sophisticated wave function
can be constructed with their linear combination.

If each eigenfunction of two operators are mutual, then the operators are com-
mutable. Indeed, if ACI)n = a,®, and E@n = a,®,, then (AB — EA)CDH =
[A, B]®, = 0. Hence [A, B] f(7) = 0 for each function which can be written
as the linear combination of the eigenfunctions. Because of the above-mentioned
completness, this is true for every function, hence A and B are really commutable
under every circumstances: [A, B] = 0.

Also the reverse statement is true: if A and B are commutable and each of them a
complete eigenfuction system separately, then their eigenfunctions are mutual or
(in case of degenerate) mutual linear combinations can be selected from them.

A typical example for non commuting operators is the case of place vector and the
momentum. Eigenfunctions of the place vector are the delta function localized on
a point and eigenfunctions of the momentum are plane waves covered the whole
space. These are as different as two things can differ from each other.

Operators assigned for physical quantities are the basic tools of quantum mechan-
ics. Their role is not restricted to the selection of eigenstates and eigenvalues.
Though due to the superposition theorem, quantum states are not the eigenstates
of a physical quantity in general, operators are sterling mathematical expressions
of the given quantity in both the dynamics of the quantum state and the mea-
surement of the quantity itsels. The latter is an especially hot topic in quantum
mechanics and we will begin to learn it in the following subsection.

2.6.2 The statistics of the measurement

For a special case, we have already known how the wave function defines the
statistics of the measurement: this is the measurement of the position. The place
vector of the particle is measured by detectors with a small enough size. It is
known that one piece of particle can make only one detector fire. The detector
(which fires) is selected by a random event. The position (or place vector) of
this detector is the result of the position measurement. According to Born’s rule
|W (7, t)|? d®r is the probability of finding the particle around a place denoted by
7, in a volume d®r by a detector. Since detector-clicks in different places are
mutually exclusive events, the average value of the place vector can be obtained
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via a direct integral:

(F) = /F|\I/(F, O dPr = /m*%w%, (2.83)

where — in the last step — we use that position operator is the multiplication with
the place vector. How does work the statistics of randomness in case we measure
another quantity, for example the momentum? Since the momentum equals 7
times the wave vector, first of all it is evident to dissolve the matter wave with an
optical lattice according to the wave vectors. Components (the eigenfunctions of
the momenzum operator with different wave vectors) are swung towards different
directions and in case the distance from the lattice is far enough, they are separated
in space. At a distance like this, path of each component is closed by a detector.
The result of the measurement is the momentum which belongs to the wave vector
whose path is closed by the detector that fires. The question is how to define the
probability of measuring a given momentum value.

The answer will be sought in a more general way in case of the measurement
of a physical quantity A. Consider A which is the quantum mechanical operator
belonging to the physical quantity A. Let us find its eigenvalues and normalized
eigenfunctions:

Ap,(7) = anpn(7). (2.84)

Beacuse of the operating way of the A separator” device, eigenfunctions of Aare
swung to different places:

(1) = O (7). (2.85)

Functions ®,,-s are normalized wave modes even now and do not overlap, because
they are taken far enough from each other in order that they can not overlap. As
Janos Neumann — who was a Hungarian- American scientist (1903-1957) and this
strategy is named after him ”von Neumann measurement” — suggested: to reach
this, we have to use a force which depends on the quantity A. For example, in
case of measurement of the momentum an optical lattice is applied, and in case
of magnetic momentum an inhomogeneous magnetic field is used (Stern-Gerlach
experiment).

Each space-separated ®,, wave mode is covered by one of the detectors. In this
situation, if our system was in a ¢, (7)) pure state before separating, the nth detec-
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tor will certainly fire (with a probability value 1) and the other ones will certainly
be calm.

However the quantum state of a particle is not equivalent to one of the eigenfunc-
toins in general. Most of the time, the wave packet (on which we want to measure
the value of A) is built from several eigenfunctions. Since the separation is achived
according to the linear Schrodinger equation, weights in the superposition remain
unaltered:

U(Ft=0) =Y caon(F) = Y _ca®u(P). (2.86)

n

In this situation, separated components do not interfere with each other, hence
the probability value 1 is multiplied with |c,|?, according to Born’s rule. So the
probability of obtaining eigenvalue a,, is the following:

P = |cal®. (2.87)

This is one of the fundamental connections of quantum mechanics which is often
said to be a postulate. Here we realized that the result follows from the strategy
of spacial separation. However, fortunatelly, probabilities do not depend on the
technical detailes of the particular measumerent, because they depend on factors
c,-s — which feature the state of the initial wave function — only. Normalization
of the wave function survives the separation: we will certainly find the particle
somewhere, thus

Y = leal =1, (2.88)

which follows from the orthogonality of the eigenfunctions (see the next point).

The result in 2.87 defines the average value of measurement of the physical quan-
tity A (in other words: the operator A) in the state ¥ = > ¢, ¢,

(A)w = potn = _leal*an. (2.89)
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2.6.3 The Hilbert space of the states; completeness; the quan-
tum mechanical average

To express a function according some function system compares to the expression
of a vector according to a system of unnit vectors (a "base”). In both case we need
a basic operation, namely the scalar product which assignes a number to two
vectors (or functlons) to define the factors of the expression. In the simpliest case
base vectors ¢, j and k are orthogonal, that is the scalar product of any two base
vaectors is 0 and they are normalized which means that the scalar product of any
vector with itself is 1. A base with these two propertles is said to be orthonormal.

In this case, in an expresswn hke this @ = a; ;+a] J +akk factor a; can be obtained
in the following way: ] a= azj H—ajj j+akj k= a; ¥ O+a; x1+apx0 = a,.

How can we define the scalar product in case of two functions? Normalization of
finding probability can help us: connection [ |U|?d*r = [U*WUd% = 1 can
match to the scalar product of a unit vector with itself. Hence the definition of
the scalar product between two complex functions f(7) and g(7”) is defined in the
following way:

(flg) = (alf)" = / £ (F)g(7)dr. (2.90)

With this definition, we introduced the Hilbert space of the quantum states fea-
tured with the wave function. The expressive and efficient structure of the Hilbert
space serves to describe geometrically the set of elements (here: quantum states
of a physical system) amoung which two operations can be defined: 1. linear
combination, 2. scalar product. The first one is a linear operation ensured by the
superposition theorem in quantum physics, and the second one is ensured by the
quadratic Born rule and the numerous appearance of the resolution according to
the eigenfunctions.

The right side of equation 2.90 is the definition of the scalar product, but now we
focus on its left side where we introduced the famous “’bra-ket” notation of Dirac.
In this the great artifice is that the scalar product can be decomposed: if function
g(7") is considered as one of the vectors of the Hilbert space, its notation is |g). If
the first coefficient of a scalar product is a function f*(7), it can be considered as
one of the vectors of the “adjoint space” and its vector notation is ( f|. Hence their
scalar product is denoted by the following symbol: (f|g). Vectors denoted by the
symbol ( | are named bra vectors and they are the adjoint vectors of those which
), ket vectors.
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Every possible state of a physical system is described by a ket vector. Bra vectors
appear in scalar products only. Each ket vector |a) has a bra vector (a| which is
its adjoint. The adjoint of a ket «u|a) + /3|b) is the bra o*(a| + £*(b|. This notation
emphasize that the physical content of a quantum state does not depend on the
used “coordinate system” in which the state is described. For example, a quantum
state can be represented as the wave function of the place vector or with the Fourier
coefficients of an expression according to the momentum-eigenfunctions or by
chance as an expression of other base functions. Accordingly, in general, just an
index is written within the symbols ’bra” and “’ket” as an identifier of the particular
quantum state.

Let |n) (n = 1, 2, ...) be the vector notation of an orthonormal base which con-
sists of wave functions w,, (7):

(m|n) = dmn, (2.91)

and let us express the quantum state |W(¢)) — which matches the wave function
U (7, t) — according to the base vectors:

(T(t) =) eal(t)|n). (2.92)

If we multiply this with the bra (m/| from the left, and we use the orthonormality
of the base vectors, we get the coefficients of the expression:

en) = o) (= [ u ). (2.93)

Replacing this back to the expression 2.92, we get this:
() =D |n)(n|¥(t)). (2.94)
Let us notice what it means:

> In)in| =1. (2.95)
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There is a nontrivial thing here, namely: there are enough base vectors |n) to
express an arbitrary state W. If this condition is satisfied, the orthonormal base is
complete, and the name of the equation 2.95 is completness relation.

Transiently, let us return to the wave functions. What is the completness relation
in their case? Using the definition of the scalar product, let us express the wave
function according to a complete orthonormal system of functions:

= () / un (7P ) U (7 ) dPr (2.96)

From this, completness relation of wave function can be read:
> un(F)up (7)) = 6(F — ), (2.97)

which is in accordance with equation 2.95.

Members |n)(n|-s in the sum of equation 2.95 have an expressive and important
meaning: these are projector operators (or in short: projectors) projecting onto
base vectors |n). In general a projector | W) (V| acts on a ket vector which stands
on its right side in the following way: firstly it multiplies the ket with (V| (this is
their scalar product), this means it reads the length of the projection on the unit
vector |W). After this, it multiplies the same unit vector with the obtained number,
that is it creates the projection.

In the important case when the elements of a complete orthonormal system |n)
are the eigenvectors of an operator A which belongs to a physical quantity A and
eigenvalue a,, belongs to the eigenvector |n), operator A acts on the state in the
following way:

AW (t) AZM (n|W(t) Zan|n (n|W(t) Z|n an(n|W(t)

n

(2.98)

hence operator A can be symbolically written in the following shape:

A= "In)an(nl, (2.99)
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which is named the unit resolution of the operator. This result can be used to
written the ultimate shape of the expression of the average value of an operator:

Ay =D lenlPan = 3 (@ln)nlW)a, = (9] Y ) (n]¥),  (2.100)

n

that is

(A)yg = (U] A|D). (2.101)

This is the essential average form on which most of the aplication of quantum
mechanics is based. This can be generalized further when the average is further
averaged to the statistic ensemble of quantum states. We will discussed it soon.

2.6.4 Self-adjoint operators

In quantum mechanics, most of the measurable physical quantities are inherited
from the classical physics. Their measured values are obviously real numbers.
The properties of self-adjointness ensures the eigenvalues of particular operators
to be real. It has some important consequences which will be understable, if we
learn the idea of a adjoint operator.

First of all, let us introduce the following notation: Alu) =: |Aw). In this case
the adjoint of this vector is (fl u|. Using these notations, the adjoint operator At
of operator Ais an operator which satisfies the following equation (with arbitrary
vectors (u| and |v)):

(Atulv) = (u|Av). (2.102)
An operator Ais self-adjoint or in other word hermitian, if

~

At = A, (2.103)

Eigenvalues of a self-adjoint operator like A are real. It can be easily admitted by
considering the properties written in expression 2.90:
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an = (n|An) = (An|n)* = (n|An)* = a, (2.104)

which is really a real number. Self-adjoint operators have another important fea-
ture, namely: their eigenfunction belomging to different eigenvalues are orthogo-
nal. Indeed, if A|n) = a,|n) and A|m) = a,,|m), then

(m|An) = a,(mIn) 0105

= (Am|n) = an(mn).
From this, it follows that

(@m — an)(m|n) =0, (2.106)

that is there are two cases: one of them is the situation when a,,, = a,,, the other
is the orthogonality: (m|n) = 0. Let is find if operators we (met so far) are
really self-adjoint ones. For the multiplication with position coordinates, self-
adjointness is obviously true. What is with the momentum operator? For the sake
of simplicity, let us stay in one dimesion only: is it true that

/ () (?%v(m))dx: / <§dixu(x))*v(x)dx? (2.107)

The answer is yes, because after a partial integral sides ov this expression trans-
form into each other, provided functions u(z) and v(x) disappear on remote bounds
or they satisfy a cyclic boundary condition. Both examples occur in quantum me-
chanics.

2.6.5 Operators and matrices; untitary transformations

We know everything about an opperator A, if we know how it acts on an arbitrary
state |W). Our strategy is the following: with the help of formulae 2.92 and 2.93,
we will express both the initial state |¥) and the vector A|¥) (which came into
being after the effect of operator A) on an orthonormal base |n) (n = 1, 2, 3, ...).
This operation can be written in such a way as to insert the unit operator (see the
formula 2.95) before and after operator A:
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A|W) :Zb |m) :Z|m
2.108
= |m)(m]A|w) = ZZW (m|Aln)(n|¥) = Z\m ZAmncn, =

m

where we introduced the matrix element (m|A[n) = A,,, of the operator A. The
readable result is

b = Y ApnCa, (2.109)

that is on the base |n) of the Hilbert space, the coefficient vector b,, which illus-
trates A|®) can be obtained from the coefficient vector ¢, which illustrates |¥)
by a multiplication with the matrix A,,,. Let us note that the matrix elements of a
self-adjoint operator have the following simmetry:

Apm = A7 (2.110)

As a task, let us rewrite the Schrodinger equation into a matrix shape:
9| ) = ——H|\If = ——Hch )|n). (2.111)

If we multiply this with the bra (m/| from the left, we will get the sought matrix
Schrodinger equation:

, i
o = —ﬁ;Hmncn. (2.112)

With this, let us write the adjoint of the time-dependent Schrodinger equation too:

which is perhaps a not too elegant way to prove the following often used formula:
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o] = L(w| . (2.114)

>t |

The matrix representation of the operators yields a very flexible mathematical
possibility to solve quantum mechanical problems with the tools of linear algebra
using always the most appropriate base for the given problem.

Introducing the Hilbert space, we emphasized that meaning of the state vectors
and operators does not depend on the way of their representations (the chosen
base). Hence one of the basic operation in quantum mechanics is the change of
basis. Let us perform this operation with the vectors and matrices above. Let the
initial base be |n) and the final — orthonormal and whole — base be |«). In other
words let us find the factors d,, of the following resolution:

= cmlm) = dala). (2.115)

The calculation can be done by inserting the unit resolution:
= (a|¥) = (a]m)(m|¥) = ZUamcm, (2.116)

where we introduced the transformation matrix:

Unim := {a|m). (2.117)

What happens with the matrices of the operators associated measurable physical
quantities? Naturally — as an effect of base change — they transform too:

(] A18) = Y (alm)(m|Aln)(n| 5)

m,n

= 2 Um0 = (UAU7Y)

(2.118)

where we used that (n|3) is the matrix element of U~! inverse transformation
which traces back to the initial base |n) from the “new” one |53).
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The matrix U has a special mathematical feature: it is a unitary matrix, that is
its inverse equals its adjoint: U'U = I. This can be seen from the following
expression:

Ul = (m|a) = (a|m)* = (Uam)*. (2.119)

This is not a mathematical accident. Unitarity is the necessary and satisfactory
condition for reserving the norm of quantum state under transformations (de-
scribed by a linear operator) or base changes. Indeed — using base-independent
operators — , if the unitarity condition is satisfied, that is

Ut =1, (2.120)
then the norm of the transformed state vector

’ A

|0 = U|W) (2.121)
is
(UO|U ) = (U|UTU|0) = (T|T) = 1. (2.122)

Let us mark the following rule: if no measurement is made on a quantum system,
every change in its quantum state can happen in a unitary way only. During a
change like this, operators transform according to the following rule:

A =UAUt, (2.123)

as it can be read from the identity: U A|¥) = (TUAUT)|¥').

It is important to mention the time evolution of the state vector: since in this
evolution the total probability remains unchanged, the time evolution is described
by a unitary operator.
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2.6.6 Continuous matrices; coordinate and momentum repre-
sentation

As it is known (7 — ) eigenfunctions of the coordinate operator (whose spec-
trum is continuous) can not be normalized but they are complete, because summa-
rizing (integrating) them for the spectrum of eigenvalues 77, they satisfy the 2.97
completness relation:

/ O(F = 7) 6(F" — 7o) dPro = (7 — 7). (2.124)

Since Dirac’s delta function is real, also the orthonormal relation is replaced with
this equation.

In Dirac notation, |r) corresponds to the §(i — 7) wave function and the ex-
pression of the state vector — according to these coordinate-eigenvector — can be
written into the following form:

w(t)) = / O, 1) 7o) dro, (2.125)

where the expression factor is

C(Fo, t) = (F|T(t)) = /5(?- 7o) U (7 1) dPr = W(Fy, ), (2.126)

that is, in "Hilbert space language”, the ”wave function” is actually the continuous
vector of the expression factors of state vector on the base of eigenvectors of the
coordinate.

The other continuous spectrum operator is the momentum, whose values — in case
of boundless motion — can change continuously. In this situation, the expression
according to the momentum-eigenfunctions will be a Fourier integral instead of a
Fourier serie. Its fundamental form is

/ e*dy = 21 §(k), (2.127)

(e 9]

where if the number of dimensions is greater than 1, in the exponent a scalar
product has to be written and on the right side a (27)? multiplier is needed. From
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this we can obtain the whole system of the momentum-eigenfunctions belonging
to the momentum-eigenstates |p).

We look for them in the following shape: C' e#?" ™ and normalization factor C' can
be defined from the condition that the following normalization connection has to
be true for continuous spectrum:

17 = / 7)) / O Cot o) 7oy — 57— 7). (2.128)

This connection plays the role of the completness relation too. Using the for-
mula 2.127 and the feature according to which §(z)/|a| and considering C' a real
number, we get the following result:

(F|7) = (2h) =3/ 2er?T, (2.129)

where the exponent of the normalization factor — in case of d dimensions — equals
d/2. The quantum state — similarly as we can see in equations 2.125 and 2.126 —
can be expressed via the eigenvectors of the momentum:

W (t)) = / ®(p,t) |p) d°p, (2.130)

where the factor

—(i/m)pT 2.131
:/(ﬁ]?)(ﬂ\ﬂ(t»di}’r:/W\D(F,t)d‘"’r @10

is the wave function in momentum-representation. This equation can be consid-
ered as the formula of the conversion from the coordinate-representation (¥ (7, t))
to the momentum-representation (®(p,¢)). Using equations 2.129 and 2.130 it is
easy to write the formula of reversion:

W 1) = (7))
e i/ PP 2.132
- [t - [ eoemoas O
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Let us use this result to find out the shape of the operator of place-vector in
momentum-representation:

)
8*W] O(p,t) d’p (2.133)
CimrE [ ne
= /W[— fa_ﬁq)(p’ t)] d*p,

where we can read the operation of the operator of place-vector in momentum-
representation:

= —Ei . (2.134)
i Op

=P

~
—

Naturally the commutation relation [, 7] = 7i/i is valid for both coordinate- and
momentum-representation.

2.6.7 Density matrix

Using the matrix formalism we can alter the formula of the quantum mechanical
average (or in other words expectation value) into a new shape. If we use the
resolution |¥) = > ¢, |m), (¥| = >, ck(n|, we can rewrite the formula 2.101
into a new expression:

(Ayy =D e mlAlm)cn =Y prnAnm = Tr(pA), (2.135)

m n m n

where we introduced the

Pmn = CmCps (2.136)

matrix elements of the density matrix and corresponsive density operator:
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p=w)(wl, (2.137)

which is a projection operator, projecting onto the state |¥'). Its continuous matrix
shape which is valid in coordinate-representation can be seen below:

p(z,2") = (2| U (¥|z') = U(z)P*(z). (2.138)

From the time-dependent Schrédinger equation, it is easy to define the motion
equation of the density operator:

p=|U)(T] + )P =—%ﬁ\w><qf|+%w><\mﬁ, (2.139)

that is

p=—=IH,p] (2.140)

The idea of the density matrix was discovered and introduced by Landau and
Janos Neumann independently, but the motion equation comes from Neumann,
hence it is called von Neumann equation. The novelty in the density matrix is
that the factors |¥) and (V| of the quantum mechanical average is taken into one
object, which can be used in not only the case of a pure state |V), but we can
average over the ensemble of quantum systems with different quantum states too
(mixed state). Due to its linearity, Neumann equation remains unchanged after
this operation. The connection which we know from 2.135

(A)g = Tr(pA) (2.141)

is valid even in a case like this, but in this situation it generally means double
average successively: the quantum mechanical average of a measurable physical
quantity in a given quantum state, then a second average over the ensemble of
different quantum states.

This ensemble can be imagined as we had many of this quantum system waiting
for us to make a measurement on them or we it can mean the ensemble of mea-
surements on a system, which is prepared the same way after each measurement.
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Nowadays we have the possibility to make repeated esperiments on single ions or
atoms which are trapped in an ion or atom trap.

In the language of the density matrix, the normalization of the wave function
means that

Trp=1, (2.142)

that is the average value of the unit operator is 1. This remains unchanged even in
the case of mixed state (ensemble)!!. Since expression 2.137 relating to pure state
describes a projector, in case of a pure state also the following formula is valid:

Trp* =1. (2.143)

However, if the density operator is averaged over different states, this connection
is not true: Generally, for a mixed sate:

Trp* < 1. (2.144)

There is another, very important forma of the density operator: it describes the
situations where we want to follow the dynamics of a subsystem which is attached
to a larger environment (in Feynman’s words: “the rest of the world”). The basic
phenomenon is the progressive blur of the quantum coherence of the subsystem
due to the attaching to the environment (or due to the environmental noise). In a
case like this a density matrix takes shape which has a form just like the mixed
state density matrix.

2.7 Some of the direct consequences

From the things treated in the last section some general and important results
follow, which are the emblematic features of quantum mechanics.

1 But this is the only property which is insensitive of mixing.
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2.7.1 Uncertainty relations

Knowing the recipe of the quantum mechanical average and the idea of self-
adjointness, we are ready to derive Heisenberg’s uncertainty principles in a math-
ematically exact way. Before doing it, we still need to know a mathematical tool,
namely the Schwartz inequality relating to the scalar product, which is the Hilbert
space analogue of the inequality |a - 5| = ab cosa < abrelating to vectors:

[(alb)|* < (ala) (b]b). (2.145)

Let us consider the following self-adjoint operators: AA = A-— <A), AB =:
B — (B). Their commutator is [AA, AB] = [A, B]. In a state |V¥), let us apply

Schwartz inequality to vectors |[AA ¥) and |[AB ) :

(NAT|AAT) (ABU|ABT) > [(AAT|ABW) % (2.146)

Now, we can use the self-adjointness of the operators:

(U] (AA)? | W) (W[ (AB)?|¥) > (V| AAAB| W)

1 2

= %{\I}|AAAAAB—AABAAA|\IJ>+§<\II|AAAAAB+AABAAA|\II> (2.147)

LT
= |4 B[ + 7 |(w| 84AB + ABAA| W)

2
)

where in the last step we used that the first member of the second row is imaginary,
the second one is real, hence their squares are summed. However the second
member of the last row is negative, thus we get the following inequality:

(W] (AAP|0) ([(AB)?| W) = 7 |([A,B])[" (2.148)

1 =

In the end, introducing the notation of AA =: \/ (U] (AA)?|T) we get the
customar shape of the uncertainty relation:

AAAB > %MA,B])}. (2.149)
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The special case of this is the well known relation: Az Ap > /2.

It is very important to say again: uncertainty relation between two measurable
physical quantities (say A and B) means that the two quantities can not be mea-
sured with arbitrary precision simultaneously. Naturally, either of the can be mea-
surable with arbitrary precision but after this measurement the other one will be-
come completely undefined.

2.7.2 The time-derivative of the average value; constants of
motion; Ehrenfest’s theorem

The average value (A)g = (¥|A|T) of an operator of a physical quantity A can
change in time for two reasons: one of these reasons is the change of the quantum
state |W(¢)) described by the Schrédinger equation, on the other hand also the

physical quantity itself can change: A = 9A /0t # 0. These changes appear in
the time derivation of the average:

d SN A a.
£<A> = (V[A]¥) + (V[A[¥) + (P|A|V)
P DA P
_ ' 4 _ - 2.1
h(\l/]HA|\If> + (| T | W) h(\If|AH|\P) (2.150)

i . A
= 5<‘If| [H, A]|W) + (‘I’\WM,

where we used the Schrodinger equations 2.111 and 2.114 describing the time
dependence of vectors ket and bra. The result in 2.150 is often used in the case
when operator A can be commuted with the Hamiltonian operator of the system
and is not the explicit function of the time:

[H, A] =0,

) (2.151)
A/t = 0.

In this situation its average does not change in time, that is A is a constant of
motion. In addition to this, under these conditions, the total statistics of the mea-
surement of operator A is time-independent.
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Since the constants of motion can be commuted with H, they have a common
function system with H.

Let us apply equation 2.150 to analyze the average time dependence of the coor-
dinate and momentum of a single particle: For the sake of simplicity, we can stay
at a one dimensional model (w.l.o.g.). Let us consider the well known shape of
the Hamiltonian operator H = (p*/2m + V(#)). The results:

(2.152)

)= g3 = (L), .13

In these deductions two commutators were used: in the first equation we already
knew the used commutator, namely: p, = (h/i)0,, but in the second case we
needed to derive the following result: [p?, 2| = pp[Pe, &] + [Pes ]Pe = (2h/1) Py

Equations 2.152 and 2.153 are called Ehrenfest’s theorem. Their content is that
the Newtonian motion equations, in a well defined average sense, are valid in
quantum mechanics: the quantum mechanical average of the momentum defines
the average speed of the centre of mass, and the quantum mechanical average
of the force F(x) = —0V(x)/0z equals the time-derivative of the average of
momentum. These important and nontrivial results can seek a good first insight
about the nature of complicated time dependent problems.

2.7.3 Time evolution in Schrodinger and Heisenberg picture

The time evolution of the micro systems obeying the laws of quantum mechanics
can be followed via statistical averages with measurement: the system has to be
prepared in the same initial state many times and after a time ¢ some physical
quantity A has to be measured. From the complete record of the measured results
the average of the functions of A - for example the scatter in the uncertainty
relations — can be evaluated.

From theoretical aspect the average of the results is given by the equation 2.150
which contains all the information. The start point of the deduction of this equa-
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tion was the Schrodinger equation which describes the time evolution of the state
vector (Schrodinger picture), however the consequence seems to be emphasizing
rather the active role of the properties of the averaged operator.

We have already discussed that the time evolution of the state vector is considered
a unitary transformation, because during its evolution, the norm of the state vector
(the scalar product with itself) remains unchanged. Thus it can be written in the
following form:

W(t)) = U(t) |[¥(0)), (2.154)

where ¢ = 0 is an arbitrary chosen initial moment, and U (t) is a unitary operator
(UU' = I), which satisfies the following dynamical equation, which is a direct
consequence of the Schrodinger equation:

QUt)=——H(t)U(1), (2.155)

where the initial condition is I/ (0) = I. Let us mark its adjoint equation too:

o, Ut(t) = %U*T(t) H(t). (2.156)

Using the things treated so far, the average value can be written in the following
way:

(U()] A[U() = (W(0)] T (1) AT () [2(0). (2.157)

Here comes the interesting step: let us realize that transition from the first shape
into the sacond one is considered as an inverse unitary transformation S(t), whose
operator is the inverse of U (t):

~ A~

S):=U"'(t) = U'(t). (2.158)

Let the transformed state vector and operators be denoted by an index "H”, refer-
reing to the name of Heisenberg:
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(2.159)

With this, we have arrived at the Heisenberg picture, in which state vector do not
change in time; time dependence is carried by the operators. However the time
dependence of the average value is unchanged: from equation 2.157, it follows:

(W(t)] A\\If(t)) = (Uy| Ap(t) |Ty). (2.160)

For the sake of the completness, we have to give the operator equation which
describes the time dependence of the Heisenberg operator hat Ay (t). Using equa-
tions 2.154 and 2.155:

d - | A A A
S An(t) = T [Hu (), Au(0)] + 0, An(?), 2.161)

where the last member is responsible for the explicit time dependence of the op-
erator A <7%(t), plt), t) .

As we expected the shape of the operator motion equation follows the equation
2.150, which describes the time evolution of the average value with its all conse-
quences. First of all, if there is no time dependence, then the constants of motion
are selected by the condition of [H , /Al] = 0. It is not trivial that Ehrenfest’s theo-
rems are valid (in an operator shape) even in Heisenberg picture.

As a really important example, continuity equation 2.53 and current density 2.54
appear in the Heisenberg picture. For a system consisting of particles with place
vector operator 7;(¢) and momentum operator p;(t), Heisenberg operator of the
particle density on a place 7”is evidently

pr(7t) =Y 3(F = 7i(1)). (2.162)

If the Hamiltonian operator has the following shape

~

Hy(t) = %Zﬁi(t) + V({ﬁ-(t)}), (2.163)
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the Heisenberg-time-derivative of 2.162 can be written into the following infor-
mative shape:

d. - I
%PHO"? t)=—=V-ju(rt), (2.164)

where the Heisenberg operator of the current density on a place 7 is

Tu(F ) = ﬁZ(ﬁi(t)é(?— Fi(1)) + (7 — ﬁ(t))ﬁ-(t)). (2.165)

Besides these pictures, the interaction picture is another important description in
quantum mechanics but its discussion points beyond the framework of our indtro-
ductory course. For similar reasons, we set aside from the presentation of the
connection between the symmetries of the Hamiltonian operator and the conser-
vation laws of quantum mechanics, etc.

2.8 The harmonic oscillator: details

In this section we return to a specific system which we have already met. The
harmonic oscillator is the most important solvable'> model of the physics describ-
ing many of the systems in the nature: the vibrations of molecules and cristals
and — after some simple variable replacing — even the vibrations of the electro-
magnetic field. In addition to this, numerous more complicated physical systems
can be modelled if they are described with a model consisting of many oscillators
or there are a lot of systems which can be understood if they are considered as
harmonic oscillators which are altered (perturbed) a bit. Using the stronger per-
formance of the general formalism, in this section we analize the model of the
harmonic oscillator deeper than we did so far.

2.8.1 The algebraic method: creation and annihilation opera-
tors and their matrix elements

Using the commutation relations (in case of an oscillator: [p, ] = h /i), there are
numerous situations when the spectrum of the Hamiltonian operator can be de-

12This model can be described completely by analytical (not numerical) calculation.
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fined without solving the Schrodinger equation. Let us consider the Hamiltonian
operator of the harmonic oscillator:

o mw? Jia mw
H = T 82 Y ho— ~2 ~2
2 i om " 2h (x N m2w2!
mw ) mw 1 1
— B s _ "5 i+ —% - 2.166
w( 2h (3: mwp) 2h (JE + mwp> * 2) ( )

1
~—nolata+ =
w(a a—i—2>,

where in the second row the sum of the square has been rewritten into a product
(based on the connection according to which a? +b* = (a+1ib) x (a —ib) ) but we
were careful of the fact that operators 2 and p can not be commuted, in the end, in
the last row we introduced the following operators:

. mw <A N i A) 1 . N i
a=4— |2+ —p) =—1+ —op,
2h 2 h
e 7 (2.167)
A mw 5 1 1 5 ZO_A
a' = B — _— [ — PR
2h mwp 20 h P

whose commutation relation can be directly calculated from the known commu-
tator of p and z:

[a,a'] = 1. (2.168)

In the definition 2.167, 0 = y/h/(2mw), in line with equation 2.82. Operators
a and a' are the adjoint operators of each other, because # and p are self-adjoint
operators. The name of operator a is annihilation operator and the name of op-
erator a' is creation operator. The thing which is annihilated or created by them
is one of the excitation quantums of the oscillator. Let us mark the inverse of the
connections 2.167:

i=o(a+a'); p= %(a-a*). (2.169)

Let us write the Hamiltonian operator into the following shape:
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o N 1 N
H = hw (N + 5); N =a'a. (2.170)

Let us focus on the eigenvalues of operator N and their normalized eigenvectors:

N|n) =nln); (n|n)=1. (2.171)

Using the commutation relation in 2.168, it is easy to show that besides |n), a|n)
and a'|n) are eigenvectors too, except when one of them equals 0:

Naln) = (a'a)aln) = (aat — Daln) = (aN — a)|n) = (n — 1) a|n);
Nafln) = af(aah)n) = af(afa + 1)|n) = (@'N +ah)n) = (n+ 1) af|n).
(2.172)
These eigenvectors are not normalized. Using that
laln)| = (n|a aln) = n, (2.173)
we obtain
alny = v/nin —1). (2.174)
Similarly, using that
lat|n)|| = (nlaal|n) = (n|aa + 1n) = n + 1, (2.175)
we get
alln) =vn+1|n+1). (2.176)

According to the equation 2.174, if we start from an eigenvalue n, we can generate
a series of eigenstates with eigenvalues n — 1, n — 2, etc. However, according to
2.173 no members of this series can have a negative value. This is true, if the
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initial value of n is an integer number. In this case — through integer values — we
get to 0. At this point, the series is interrupted, because according to 2.174:

al0) = 0, (2.177)

that is no state | — 1) is generated, |0) is the ground state of the oscillator. From
this ground state all the excited states can be generated by the repeated use of
2.176:

_ L ot
) = =)o), (2.178)

Writing the coordinate representation of Z and p into the shape of operator a in
2.167, and using the shape of the ground state wave function in 2.81, we obtain the
shape of the normalized wave functions of the excited states, which is appropriate
for making calculations:

1 z d\" =2
¢n<x>=<x|n>=w—m(%+%) e 2179

With the help of these formulae everything can be calculated about the stationary
states of the oscillator. However, it so happened later that nonstationary states
obtained interest.

2.8.2 Coherent states (quantum swing)

In 1928, soon after the creation of his wave equation and finding its solution
(which describes the harmonic vibrational motion), Schrodinger realized that the
highly excited states of the quantum oscillator are not the things which correspond
to the classical oscillator. In justice, a ground state wave packet seesawing back
and forth is the thing that corresponds to the classical oscillator. The shape of this
wave packet does not change in time, it does not feather. This interesting solution
of the time dependent Schrodinger equation is called coherent state and it has a
special importance in the quantum theory of electromagnetic waves, because our
world is full of the coherent states of these wave modes; they activate our radios,
televisions, mobile phones, etc. As we will see shortly, the coherent state is the
superposition of vasty different excited states, with defined factors.
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Now we show that the coherent state is the eigenstate of the annihilation operator
a with the corresponsive eigenvalue. First of all, the normalized eigenvectors |«),
which satisfy the eigenvalue equation

ala) = ala), (2.180)

can be built from the eigenvectors of the harmonic oscillator:

- Z\/_\n (2.181)

which can be verified by direct replacing into equation 2.174. In the next step, we
show that this formula — with the corresponsive time dependent eigenvalue o —
satisfies the time dependent Schrodinger equation. Let start from the initial state
|ag) and write the known time dependence of the oscillator eigenstates |n):

) 6—iw(n+1/2)t|n> - €_Wt/2‘040 e—m>, (2.182)

that is, we reobtained the coherent state in 2.181 — aside from the trivial phase
factor corresponding to the “zero point vibration”. The parameter of this state is
passing round on the complex plane with a frequency w:

alt) = age ™! = |a] e 1@+, (2.183)

where the initial phase of the a(t) complex is denoted by J.

How does the wave packet move meanwhile? Using the results in 2.169 let us cal-
culate the time dependent average of the coordinate operator and the momentum
operator:

(@) = (a(®)] T ]a(t))
=cala(t)|a+a|at)) = o(a(t) + a*(t)) (2.184)
= 20 R[a(t)] = 20 || cos(wt + 0),
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(p)e = (@) pla(?))

= S falt)]a—ata(0) = S (a(t) +a*(1) 2.185)
= Z%[a(t)] = —g la|sin(wt + 9),

that is, on the phase plane (x(t), p(t)) the coherent state passes round along an el-
lipse, whose size is 20 |« in z direction, and (% /o) |« in p direction. Meanwhile
the diameter of the state remains unchanged: in x direction 2 Az = 20, and in p
direction 2 Ap = h/o.

If we look at the revolving spot of a coherent state || > 1 on the complex plane
from far, the spot seems to be a revolvint dot correspondently to the motion on
phase plane of the classical mechanics. However |«| shows the average excitation:

n = (n)q = (a|a’ala) = a*a (ala) = |af?, (2.186)

that is,

la| ~ V7, (2.187)

so in this average sense, correspondence principle is true: a big value of n ~
classical motion. Analyzing the question more carefully, we can realize that the
superposition of many excited coherent states is the essential element of the clas-
sicalness. This can be seen most directly from the equations in 2.169: 2z and
p contain the annihilation and creation operators linearly. The average value of
annilation and creation operators is 0 in any energy eigenstate, they have transi-
tional matrix elements between different eigenstates only. Hence, if we want to
have a pendulum with a classical swing (that is, the average of z and p can be
macroscopic), the pendulum has to be a quantum state in which different energy
eigenstates are superpositioned.

One more feature of the coherent state has to be mentioned: if the phase ¢ = wt+
d of the parameter a(t) is considered as a clock hand and we read the time ¢ and
find out the average energy from the average excitation 7 = i, then uncertainty
relation AFE At ~ h can be used to get a new relation between scatter of the phase
and the excitation number:
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ApAn =1, (2.188)

that is, the coherent state can have a certain phase carrying coherence because its
excitation number is uncertain: it is the superposition of vasty excited states |n).

2.9 The spin

Though there are still numerous important stores of learning which would have to
be treated in an introductory chapter of a standard course on quantum mechanics,
at this point we have to finish our introduction so as to have time enough for
quantum information in the semester.

However, there is still a significant thing which remains to be discussed, namely
the spin or rather the mathematical tools that describe it, because these tools are
used to draw several similar systems in quantum information. Before learning
about the spin we need to discuss some related things — for instance the Stern-
Gerlach experiment — but we will mention them merely tangentially. During treat-
ing them, there will be no effort to be quantum mechanically rigorous, instead we
will try to give an expressive — hence necessarily false — description, building on
the materials taught in high-school-chemistry and/or physics. Fortunately, from
the viewpoint of the consequence, this fault will not matter.

2.9.1 Magnetic momentum and spin

It is well known in quantum mechanics, that besides the principal (or first) quan-
tum number (denoted by n, where the possible values of n are 1, 2, 3, ...) of an
atom relating to the energy level of the given atom, there are several other quantum
numbers too. One of them is the secondary quantum number denoted by [/, which
is related to the shape of the electron orbital and for a given n its possible values
are (0, 1, 2, 3, ..., n — 1). From the exact solution of the Schrodinger equation
of the electron of a Hydrogen atom, it follows that the absolute value of the orbit
angular momentum vector of the electron is quantized according to the following
connection:

IL| = h/1(1 + 1), (2.189)
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Stern-Gerlach experiment

beam of Cs atoms

\

collimators S

magnet — non-uniform

magnetic field screen/detector

Figure 2.1: The Stern-Gerlach experiment

where L denotes the vector of the orbit angular momentum of the electron. The
direction of this vector can not be defined precisely. If we select physically a di-
rection (for example using a magnetic field) and make a measurement to define
exactly the angular momentum component along the selected direction, directions
of other two components will be uncertain. In addition to this, the value of the an-
gular momentum can not change continuously, even in along the chosen direction.
For example, considering the selected direction as an x axe of a coordinate system,
values of the L, component of the angular momentum can be the following:

L, =mbh, (2.190)

where m is the magnetic quantum number and it can have the following values:
m = —I,—l+1,.. —1,0,1, ....1 — 1, [. So the direction of the orbit angu-
lar momentum is quantized. This quantization was proved by the Stern-Gerlach
experiment (1922) (see figure 2.1), where the drift of the atoms was studied in a
collimated atomic beam (consisting of silver atoms in the original experiment) led
through an inhomogeneous magnetic field which was perpendicular to the direc-
tion of the motion of atoms. According to the classical electrodinamics, during its
motion a charged particle induces a magnetic field, hence an electron necessarily
has a magnetic momentum because of its motion inside the atom. It can be proved
that magnetic and angular momentums are commensurable to each other. If it is
true in classical physics, it has to be true for also the operators representing physi-
cal quantities. The connection between the magnetic and angular momentums can
be seen below:
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M=——1
2m

, (2.191)
where M denotes the vector of magnetic momentum. From this expression it
follows that in quantum mechanics, the following connection is valid between the
operators of the magnetic and angular momentum:

M=——1L. (2.192)

From this expression and 2.189, for the quantized magnetic momentum is

; h
M| = —s—m [(1+1) = —pup /11 + 1), (2.193)

and it is true for the z component of the magnetic that

M, = —upm, (2.194)

where pp is the Bohr magneton. Now we know enough to analyze the Stern-
Gerlach experiment. Having no magnetic momentum, the motion of an atom
is not disturbed by an external- inhomogenous — magnetic field and the atomic
beam remains undiverted. If the atom has a magnetic momentum, but — instead of
direction quantization — momentums can trend to arbitrary directions, we would
expect the beam to become broader. If the direction quantization "works” and for
example [ = 1, we expect the beam to branch out to three partbeams (in case of
[ = 2, there would be 5 partbeams, etc). The outer electron shell of a Silver atom
is just like the outer shell of the Hydrogen atom: there is an electron residing on
an s orbit, hence [ = 0, that is, we do not expect the magnetic momentum to
appear. However — back then — experimenters were surprised by the sight of the
experimental result, because the initial beam had been split (as it can be seen in
figure 2.1) after crossing the inhomogenous magnetic field (that is, there were two
pieces of partbeams instead of one as it was expected) and the result is obtained if
the experiment is made using Hydrogen atoms.

Thus it had to be supposed that electrons have an own magnetic — and angular —
momentum which comes from not the ”orbital” ”motion” of the electrons and its
value seems to be 1/2 (because, in this case momentum can point towards two
different directions only, due to m = 41/2). This extra” angular momentum is
called spin.
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It is important to mention that in the Stern-Gerlach experiment, a typical "Neu-
mann measurement” of the magnetic momentum is made (see in 2.6.2) which is
closed by the spot on the screen as a detector.

The thing which is split in the Stern-Gerlach experiment is not the mixture but it is
the quantum mechanical superposition of the two reverse magnetic momentums:
if the inhomogenous magnet is rotated, the two spots on the screen will rotate with
the magnet. The theory must describe this strange phenomenon.

Uhlenbeck and and Goudsmit (1925) supposed the magnetic momentum comes
from the spinning of the electron'® considered as an electrically charged pillet.
The word spin was introduced by them. Hence this phenomenon and the quantum
theory of the angular momentum had been irrevocably associated. However, since
the work of de Broglie and Schrodinger an electron has been considered as a
propagating wave rather than a flying pillet. Hence we need to look for another
metaphor, instead of the spinning of a pillet. To think of the circular polarization
of a wave is much more better, but it must not be literalized: the axis of rotation”
of the spin is not fixed to the direction of the propagation of the wave. It can trend
freely towards arbitrary directions as it was demonstrated by the rotated Stern-
Gerlach magnet.

2.9.2 The quantum theory of the half spin: two component
spinors and Pauli matrices

In the general quantum theory of the angular momentum (not detailed here), there
can be existing angular momentum - eigenstates whose base consists of two ori-
entation; from their complex superposition every other direction can be made.
Speaking about spin, let us denote the operator of this kind of angular momentum
(which is the internal property of the particle and is not related to any orbital mo-

tion) by S. The commutation relations of its vector components (without proving)
can be seen below:

— — —

1S, S,) =ihS.; 1S, S.] =ihS,; [S., S;] = ihS,. (2.195)

We declare some of the consequences of these relations (without their derivations
which can be found in all standard quantum mechanics textbooks):

Bsimilarly to the rotation of Earth during it is orbiting around the Sun
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e First of all, S, has two eigenvalues: +7/2 and —h/2.

e The only eigenvalue of 52 is % s(s + 1) = 3/4) h?, where s = 1/2.

The corresponsive eigenvectors have so fundamentally important content that they
merit an own, stable notation. Actually — at least — two kinds of symbols are used
in Dirac’s notation to denote them, and their superpositions are worth writing as
a column vector consisting of two components. So the notation kit can be seen
below:

12,4172 =11 =1 = ()

(2.196)
1212 =10 =k = ()

The first one is the ’spin up”, and the second one is the ’spin down” — along an
axe z. Their superpositions can be seen in the following way:

(07

|X>=a|T>+6|¢>EaI+>+B|—>E(5), 2.197)

where « and (3 are complex numbers, and due to the normalization

o> + 8P =1 (2.198)

is required. We will shortly see that a complex superposition like this describes
a spinvector pointing to a definite direction of the three dimensional space. This
kind of two component column vector residing in the half spin subspace of the
Hilbert space (and which vector transforms in a well defined way during a rotation
in the three dimensinal space) was given a specific name: spinor; in other words:
Pauli spinor.

Let us get used to it that the operator of the spinvector is a vector in the three
dimensional space and is a 2 X 2 matrix acting on spinors in the Hilbert space. In
the base of the eigenvectors, knowing the eigenvalues, we can write directly that
operator S, is drawn by the following 2 X 2 matrix:

; n/2 0
S. = ( ) —h/z) . (2.199)



80 CHAPTER 2. INTRODUCTION TO QUANTUM MECHANICS

Without proving (which can be found in all standard textbooks on quantum me-
chanics) we declare the matrices of S, and S;:

. 0 h/2\ & 0 —ih/2
s ()0 ) 5= (0, Y. ame

Let us introduce the famous Pauli matrices:

01y (0 =i\
T2 =\10) T \i o)

1 0 . (10
e (b 0) 1= (0 9)

Using these matrices, the components of spinoperators can be written briefly in
the following way:

(2.201)

- h
S = 50;; l=uz,y, 2. (2.202)

There is a feature of Pauli matrices which can be easily admited, namely: 02 =

o =07 = I, from this it follows that eigenvalues of o, o, and o, are +1. Due

to this, eigenvalues of S'I, S'y and S'Z are +h/2. Let us mark the corresponsive
eigenvectors too:

== (1) Fe= 2 (1)
250 50

The commutation relations of the Pauli matrices are declared in the following way
— without dreivation/ proving:

(2.203)

[0, 0k = 2i€;1 0. (2.204)

Their anticommutators are perhaps not so trivial:
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{O'j,O'k}EO'jO'k—FO'k,O'j:(Sjk. (2205)

As a small practising, let us calculate the components of a spinor belonging to a
spin state pointing towards an arbitrary direction given by the polar angles ¢ and
). This spinor will be the eigenvector (with an eigenvalue +7/2) of the spinvec-
tor operator projected onto the unit vector (sin® cos ¢, sin 9 sin ¢, cos®)) which
points towards the given direction. Let us write the matrix shape of the operators:

g@,ﬁ = sinﬁcosgogx—l—sinﬁsingogy —|—cosq9§z =

Wl g 0 1Y L snvsine (O =) feosy (L O
g\ smuvcosp | g ) FsmuUsme | FCosU{ g (2.206)

B E( cos ¥ sinﬁe_w>

T 92 \sinve®¥ —cosd

We need to diagonalize the 2 x 2 matrix we obtained to get the eigenvectors:

e~ /2 cog Y e~ /2 gin 2
[+)p,0 = ( 192) DY = ( P (2.207)

ei?/2 gin 2 e%/2 cos z

Let us check where they point: (4|S,|+) = 4(5/2)sin® cos ¢; (+[S,|£) =
+(h/2) sin 9 sin p, just as we expected.

2.9.3 Spin rotation, quasi-spin, qubit

It is time to ponder over the fact that in the expression 2.207 half angles appear.
It means that if any of the angles ¢ or ¢ are rotated by 27 (a whole rotation),
though the average of the spinvector will returns to its initial value, the quantum
mechanical state vector will not do the same: it needs a double rotation (with an
angle of 47) to return once.

It is not cheating and not a mistake: with the interference of neutrons whose spin
are rotated in a magnetic field, periodicity of 47 can be directly observed. This is
an effect of the half spin but in our course we will not discuss it.

Besides describing the electron and other elementary particles, the mathematics
of the half spin can be used to describe every two-state quantum system. These



82 CHAPTER 2. INTRODUCTION TO QUANTUM MECHANICS

systems are often called quasi-spin and their dynamics is the time evolution of the
superposition of the two states.

These two-state systems can be used to a lot of things, if we can keep up the
coherence of the superposition for a time enough. One of the most important
application is the information processing. One bit of information can be encoded
into each of the two states: one of them is “yes”, the other is "no”. Quantum
mechanics superadd the superposition to it. Superpositions of ’yes” and “no”’: this
is the quantum bit, or in shortly: qubit. Possibilities of information processing are
multiplied by the superposition: this is the dream of quantum informatics. The
main block of its fulfilment is the coherence: the environment — as a noise source
— washes away the superposition. This happens sooner than a quantum computer
can finish the calculation. However, the hoped-for advantages are colossal; the
research proceeds intensivly.

To find two-state systems is not an easy task. Atoms and other real systems have
a lot of states and from them, experimenter have to be able to select two states
somehow. Typical approximations: cooling the system to a very low tempreture
to exclude many of the excited states; tuning sharply a very good resonator to the
energy difference of two states.

2.10 Afterword for the chapter

In this introductory chapter we tried to seek a summary from the basic knowledges
in quantum mechanics to make the understanding of the following chapters (on
quantum information) easier. Naturaly, we needed to omit numerous parts of the
fundamental knowledge of quantum mechanics because of the character of the
course as we have already refered to it several times. Hence — evidently — this
textbook can not be considered as a standard course book on quantum mechanics.
Fortunately we alreaday know enough to begin to learn about the basic elements of
the field of quantum information. However, let us keep in mind that there are still
a lot we do not know about the grassroots of quantum mechnics. Nevertheless,
there is no need to worry about it, because we will discuss what we have to know
when it is necessary.



Chapter 3

The inscape of quantum bits

3.1 Foreword for the following chapters

At the end of the introductory chapter we remarked that there are still a lot we have
not learned about the grassroots of quantum mechanics yet, but knowing enough
to start to deal with the basic elements of the quantum information, it is time for
us to begin to treat the new topic and in case we meet a field where more quantum
mechanical knowledge is required than we already have, we will discuss what we
need to know. In addition the reader will meet parts where we repeat discussed
things explained from another viewpoint — for the sake of a deeper understand.

As for this chapter: in the following pages we begin to learn what a quantum bit
(or in short: qubit) is. For a deep understanding, first we show a system which
can be considered as a qubit. The mentioned system is a neutron which crosses an
interferometer (in the famous three-eared interferometer). In this interferometer
neutrons show a very surprising behavior that leads us to understand the exact
meaning of Born’s interpretation. Since — as we will see — being a qubit, the
behavior of the analyzed system is valid for every system realizing a qubit. So, if
we understand this behavior, we will understand the abilities of qubits in general.
But, for the present, before starting to explain things written above, we have to
say something about the interference itself. Hence the first point of this chapter is
the display of Young’s double slit experiment.

We remark that our explanation in part follows the guideline of Péter Hrasko’s!

IPéter Hrasko taught theoretical physics to the writer of these rows. Gratitude to him, the
author of this textbook got a deep insight into the quantum mechanics. Being a successful

83
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which is presented in his very good university lecture notes on quantum mechanics
titled Kvantummechanika.

3.2 Optical interference and Young’s double slit ex-
periment

In the 18'® century, scientists did not manage to decide
whether light consists of particles or it is a wave phe- ==
nomenon. At that time, wave-interpretation won?, because =
interference of light had been dicovered. By the time 19!
century began, it had been known that interference is the sure sign of waves, thus
the question - at least at first sight - was answered®. Our basic phenomenon —
namely, the Young-experiment — can be seen below.

researcher and a very good teacher, his books, notes and papers are worth reading through:
http://peter.hrasko.com/

“Nowadays, it is known that light (and other quantum phenomena) can be featured correctly
by wave-particle duality.

3until the birth of quantum mechanics...
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As we can see, on the screen interfer-
ence pattern can be observed in a form
like this one, on the right.

Let us consider the figure, below.
When slits are narrow, their images ex-
pand on the screen ()1 R; and Q2 R»
and overlap each other in the range of
1Q>. In this range (()1()2), interference pattern comes into being, illuminated
and dark lines can be seen.
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The interference-triad:

e When both slits (S; and S5) are open, in the range of ();()s there can be
found such a point P which is not illuminated.

e If S5 is covered (while S; is open), in the range of ()1 R, illumination will
be continuous and point P will be illuminated.

e If S is covered (with an opened 55), in the range of ()5 R illumination will
be continuous and point P will be illuminated again.

Summarized: on the screen there is a point () whose illumination increases due
to covering of one of the slits (or, in other words, there is a point (P) whose
illumination decreases if we open both slits).

Let us try to understand this phenomenon by thinking of light as a thing which
consists of particles. A particle is localized on its own volume at all times, thus
trajectories of particles that go through — for example — slit S can not depend on
the state (open/closed) of slit So. Some parts of the particles that go through S,
reach point P and make it illuminated. How can this illumination break off due
to opening of S;? If the materia which covers S5 could affect on particles which
go through S, the observed phenomenon would be explainable. But this expla-
nation is in contradiction to the fact that a materia can not affect on a beam of
light which is not in the very near surroundings of the materia. It would be a more
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serious attempt, if one tried to understand the interference-triad via considering it
as an effect of the particles on each other: when both slits are open, particles of
beams have an effect on each other and this effect extrudes light from point P.
If this explanation was true, interference-lines would equalize as we use weaker
and weaker beam. According to the experiments, the mentioned equalizing never
happens: charasteristic of the interference pattern does not depend on the inten-
sity of beam. Interference can be observed even in the case when maximum one
“particle” is in the apparatus.

On the other hand, turning to the wave-picture to explain the phenomenon, we do
not have problems anymore: in case of being both slits open, after starting from .S}
and S5, part-beams will amplify and degrade each other on the screen, depending
on their optical path-difference (phase-difference). Therefore we continue our
analysis using the wave-picture.

Conditions of interference in Young-experiment can be summarized in the follow-
ing four points: 1.diffraction, 2.superposition theorem, 3.monochromacity, 4.co-
herence. Diffraction means that shadows of objects and images of slits are dif-
fused. Even diffraction itself is a consequence of wave-nature. In an interference-
experiment, diffraction is important, because it makes sure the overlaping of part-
beams.

Superposition theorem states that superposition of free propagating waves is a
possible motion too. Addition of part-beams (according to their signs) in points
of the screen is a consequence of this theorem.

Requirements 3 and 4 are necessary to make the value of phase-difference con-
stant, in points of the screen. If this requirement is not satisfied in the experiment,
interference pattern will be diffused or it will not come into being. This will hap-
pen, if light is not monochromatic, or in other words, its wave-length changes.
The same can happen - even in the case of monochromatic beams - if their initial
phase-difference is not a constant value. This can occur, if slits are illuminated by
independent sources of light.

Part-beams are coherent, if their phase-difference is constant in time. This can be
ensured by creating both beams from the wave-front of the same atom. In Young-
experiment common source of light is slit S, which spreads the light coming from
left due to diffraction. If apparatus is mechanically stable (optical path-lengths are
constant), coherence of slits 57 and S5 (as light-sources) can be garanteed by this
trick.

It is obvious that there can be degrees between total lack of coherence and total
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coherence, thus it is worth speaking about the measure of coherence. This can be
represented by sharpness of interference pattern, alias contrastyness:

1, — Lo
K — mazx min
Imax + Imin7

where [, and [,,;, are the maximal and minimal illumination. In an optimal
case ' = 1, or in other words, illumination of dark ranges equals 0, coherence is
complete.

3.3 De Broglie-waves

Summarizing what we wrote in this chapter so far, we may think that light is a
wave phenomenon and this question is not a question anymore, because inter-
ference-triad was demonstrated and from its analysis we know that it can be ex-
plained using wave-picture only. Thus interference-triad is the sure sign of wave-
nature. But...... — as we mentioned it in the introductory chapter — in 1922, Albert
Einstein was awarded the Nobel Prize in Physics for his discovery of the law of
the photoelectric effect. At this point, for us, its basic statement is important: in
his work - in 1905 - Einstein supposed that light consists of particles. This was
the famous photon-hypothesis. Let us remember the linear harmonic oscillator. In
that case, Max Planck realized — in 1900 — that oscillator (as a mechanical system)
has a quantized motion. Einstein generalized this realization to the electromag-
netic field. He stated that a light beam (with a pulsatance w) consists of massless
particles (light quanta, or photons) with an energy %iw or hv*. Though it can seem
unbelievable, today it has already known that light can act like particle and it can
act like wave too, depending on its circumstances®. According to Einstein’s rea-
sons, photons are really existent objects. Besides theory of special relativity, he
gave also other arguments to support his idea: since in Maxwell’s electrodynamics
a momentum £ /c belongs to the energy (£) of electromagnetic waves, a photon
(with an energy hv) also has a momentum p = hv/c = h/\. Thus photons can
be considered as real elmentary particles.

In 1924 Louis de Broglie discovered that if - vice versa - a motion of some matter-
wave can be assigned to an electron which moves with a momentum p = m.v and

4This hypothesis was believed by nobody for almost 20 years, because of the result of the
Young-experiment. It seemed to be the resuscitation of Newton’s picture of light-particles. Photon-
hypothesis became plausible only after creating of modern quantum mechanics.

SWe will give a more detailed description of this kind of behavior in case of neutrons.
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if Einstein’s formula

P 3.1)
p

is true for this motion, then Bohr’s quantum condition will be given a fantastic
simple explanation. Let us look the reason of this statement. Bohr’s quantum
condition says that there are allowed trajectories® of an electron which is inside of
an atom. Radii of these allowed trajectories are selected from clasically possible
ones by the condition

L =n— = nh, (3.2)

where n 1s an integer number, L is the angular momentum of electron and L =
pr = mc.vr. Really, if we rearrange equation 3.2 and we consider Einstein’s
formula 3.1, we get:

2mr = n— = n\
p

Since n is an integer, this formula means that the wave which “runs” around the
nucleus closes into itself. In other words, it can continue its stationary wave-
motion, unbroken, perpetually, with a definite (in mathematical language: single-
valued) phase. The 3.1 De Broglie-relation, which makes a connection between
wavelength of an electron moving as a wave and momentum of an electron moving
as a ball, is one of the essential connections of quantum mechanics. It is true for
not only photons and electrons, but for every quantum mechanical motions. Of
course, we have to be careful, because momentum is a vector, not a scalar. Hence
we have to introduce the wave-vector &, which is perpendicular to the wave-front
and its size is k = 27 /. Using this quantity, 3.1 can be corrected in the following
way:

6 Actually, this condition was a part of the “old” quantum mechanics which was a half-classical
theory. It was necessary, because from classical electrodynamics it follows that a charged particle,
whose motion has a nonzero acceleration, radiates. According to the half-classical assumptions,
electrons revolve around the nucleus, so they have a nonzero acceleration. Hence they radiates.
Due to this radiation, their kinetic energy should decrease, thus electrons should fall into the
nucleus in a very short time. This phenomenon was not observed, therefore Bohr supposed there
are trajectories where electrons do not radiate. He called these trajectories allowed trajectories.
In modern quantum mechanics, there is no motion - in a classical sense. Hence electrons can not
have trajectories.
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7= hk

So, based on Einstein’s work, Louis de Broglie stated that besides being particles,
electrons (and actually all kind of quantum objects) have a wave-nature too’.

All of these has already been discussed in the introductory chapter, but there can
be people who think it is hard to believe. They are right, it is. Hence we have to
ask the following questions:

Can it be true? Can something be a particle and a wave too? What does quantum
mechanics say about this craziness? Let us turn to the well known Schrodinger
equation:

hov .

—— +HY =0 33

1 Ot (3-3)
As we know, this equation describes how the physical state of a system changes in
time. Now, we are interested in the motion of — for example — a free particle with
a mass m. In this case Hamiltoniam operator H equals the operator of kinetic
energy:

2
ir=-1"A (3.4)

2m

Hence the equation which describes the physical state of the particle is

hLOoU  h?
- %A\I/ =0. (3.5)

From the structure of this equation it follows that ¥ can be rewritten as a product:

U(z,y,z,t) =(x,y,2)T(t), (3.6)

where 1) depends on space coordinates only, and 7" depends on time only. It can
be shown that after replacing expression 3.6 into 3.5, we get two equations. One

7Actually, de Broglie had another, own interpretation to explain it, which differs a bit, but today
there are merely a few physicists who share it.
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of them contains only the factor that depends on time, and the other one contains
the space-depending factor only:

ar i
Y L rEr—o, 3.7
Era 0 3.7
omE
At + %@/} —0, (3.8)

where F is the energy-eigenvalue of the particle. Solution of equation 3.7:

T(t) = e wP (3.9)

=X (@)Y (y)Z(2). (3.10)

After replacing this expression into 3.8 and deviding by v, we get the following
equation:

142X 1d%Y  1d%Z  2mFE

1on 1Ay 1da Ama 11
Xz " vaeE Zdz gz 11

This equation is true for every value of the independent variable in only case when

12X,

Xdo2 =

1d2Y ,

vag ~ 7 G-12)
1 d%Z )

Zd2

where «, (3, and ~y are constants and they satisfy the connection:
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o + 24 = 20 (3.13)
Solutions of the equations 3.12:
X(z) = A", Y(y) =A™, Z(2) = Aze"*. (3.14)
Hence, state function of a free particle is
U(z,y, z,t) = Aellmtbytrz—71) (3.15)

Requirement of regularity allows only real values for o, (3, and . This state
function equals the energy-eigenfunction of a free particle, in addition, this is the
eigenfunction of components of the momentum, because:

hov _pow, P9Y _pgw, MY _how (3.16)
i Ox 1 Oy 1 0z

If eigenvalues of components of the momentum hc«, h3, and iy are denoted by
Daz» Py, and p., state function ca be rewritten into another shape:

U(z,y, 2, t) = AenPertpuytpza—Ft) (3.17)

According to the classical physics, the connection betwen energy-eigenvalue £
and components of the momentum p,, p,, p. has the following form:

PPt
2m |

E (3.18)

State function 3.17 describes a plane-wave. Expression of a plane-wave which
heads towards the direction of the unit-vector 72, and which has a frequency v and
a wavelength A, can be seen below.

ng :L'+ny Yy+nzz
S

U(z,y, z,t) = Ae?™i (3.19)
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Comparing expression 3.17 to expression 3.19, some connections can be realized
between momentum of the particle and wavelength, and between energy of the
particle and frequency of the wave:

De Mo Py Ty Pz _ N (3.20)

=v. (3.21)
Let us square equations 3.20 and add them to each other:

PR+pi+p:  ni4nl+nl
e - A2

(3.22)

Since n2, +n. +n? = 1 and p} + p; + p> = p*, from equation 3.22, it follows that

% %, or A::%. (3.23)
So, according to modern quantum mechanics, the state function of a free particle
is a plane-wave whose frequency can be calculated from the energy of the particle
(according to equation 3.21), and its wavelength can be obtained from the mo-
mentum of the particle, as we can see in 3.23. Let us remember that between the
energy and the feequency of a photon, and between the wavelength and the mo-
mentum of a photon, the same connections are valid, and they had already been
known by Einstein’s work, before quantum mechanics was created.

Giving a probability interpretation of sate function, we required that the volume
integral of |¥|? has to be equal to 1. State function 3.17 does not satisfy this
requirement or in other words this state can not be normalized. On the other hand,
it can be shown that state function of a free particle is actually a wave packet which
moves with an average intensity p and its speed equals p/m. The state function of
the wave pocket is a normalized and therefore a ”legal” state. This wave pocket
is called de Broglie-wave. Fortunately, solutions of physical problems which are
connected to free particles, mostly depend on the value of average momentum p
only, thus we can use 3.17 plane-wave to describe the motion of a free particle
whose momentum is p.

This plane-wave can also be written in the form below:
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V(7 t) = Aen B (3.24)

In literature, mostly ko= p/h is used instead of p, hence state function which
describes the motion of a particle with a momentum p, can be written as

U(7t) = AeiFom—ert) (3.25)

Based on the things that were mentioned here, we can say that the state function
of a free particle is a plane-wave whose frequency and wave vector are defined
by the formula w = % and by de Broglie formula k= 1—; . This function was the
first known state function, so this fact explains why state function is called wave
function too, generally.

If a particle can be a wave too, it has to show interference phenomenon. Let us
see what does our wave function say about it. Let us imagine a plane-wave which
is splitted into two parts. After coming paths with different pathlengths, these
part-waves will be united. After meeting of part-waves, state can be described by
the sum of part-waves:

U =U,+W¥,. (3.26)

Frequencies (or wavelengths) of the part-waves decribed by W,+W, are the same,
but there is a phase-difference between them, due to the difference of the lengths
of paths they came. For the sake of simplicity, let us suppose both part-waves
along the z-axe of a Cartesian coordinate system, and d denotes the value of the
path-difference between them. In this case:

Uy = A elthr=wt), (3.27)
\1[2 — A2ei(k(x+d)—wt) . (328)

Summation wave:
U =T, + Uy = A ethoet) 4 g, pilhl@rd)—wt) (3.29)

2. namely:

Summation intensity is proportional to |V



CHAPTER 3. THE INSCAPE OF QUANTUM BITS 95

W2 = |AL]? + |Ag|? + AT Age™ + A3 A e~k (3.30)
Let us rewrite complex numbers A; and A, into the shape below:

A = a1, Ay = are™. (3.31)

At splitting, phases of the two part-waves are equal to each other, thus ; = d, =
J.

W% = |ay | + |ag|? + 2a1a5 cos kd, (3.32)

where |a;|? and |ay|* are proportional to intensities of part-waves. Let us suppose
that a; = a2 = as. In this case:

|W|? = 2a*(1 + cos kd) . (3.33)

Ifd = )\%, (where s is an integer), then

cos kd = cos(2s + 1)% ~0, (3.34)

hence |¥|> = 2a,, in other words summation intensity equals the sum of part-
intensities. If d = s, |¥|* = 4a, (summation intensity equals the double of the
sum of part-intensities). However, in the other case, when d = )\QS; L summation
intensity |¥|? = 0, two part-waves wipe out each other.

Let us remember, in the case above, we described the interference of not a classical
(for example: electromagnetic) wave, but a de Broglie-wave which belongs to the
motion of a free particle (for example: electron) whose state is described by quan-
tum mechanics. From this, it follows that intensity of the wave (which features the
physical state of the particle) is the density of finding-probability of the particle.
This means that there will be places in the space where this probability will be
zero, and there will be places where this probability is maximal. In other words,
distribution of finding-probability of the particle shows an interference pattern.
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3.4 Neutrons

In the last section, from a simple solution of Schrodinger equation, it follows
that state function of a free particle is a plane-wave. When we say the word
particle, we think of all the objects whose behaviour is described by quantum
mechanics (atoms, molecules, subatomic particle, etc). It was a natural intention
of experimental physicists to study particles experimentally, whether they really
show a wave-nature too, besides being particles. As we have already mentioned,
interference is the sure sign of waves, so if interference-triad can be demonstrated,
we can say that the studied phenomenon is a wave phenomenon. Our method is
to degrade the beam, till its intensity shows that maximum one particle can be
“contained” by the beam. After doing it, knowing that one particle can not be in
several separated places which are far from each other and observing interference,
we can say that we demonstrated the wave-nature of the given object.

The question is how can we do such a Young-type experiment? First of all, we
have to look for such kind of particle that can be treated relatively easily in an
experiment. Neutron is an ideal candidate, because

e first of all, we know that neutrons are particles, because when we observe
them, we always find particles,

e our neutron sources gives an intensity which ensures that maximum one
neutron is in our experimental device,

e being uncharged, it does not “’feel” the effect of charged particles of matter,
hence these effects can not disturb our experiment,

e having relatively big mass, relatively less energy is enough to reach the
suitable wave-length 8.

The other question is that can Young’s setup be used for studying neutrons? Why
does this question arise? From wave-theory, we know that from the point of view
of perceptibility, distance between slits has to be equal to range of wavelength (in
an optimal case). Let us calculate the slit-distance which is necessary for studying
neutrons. First we have to calculate de Broglie wavelength of neutron:

Ap = — (3.35)

8We will shortly understand the last statement.
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If the value of the temperature is known (for example: 7" = 300K), energy of
neutron can be calculated in the following way: E, = kg7, where kg is the
Boltzmann-constant. Energy of neutron can be expressed by another formula too,
namely £, = %. We know that m,, = 1.7 x 10~2"kg, thus from the two
expresses of energy, p can be obtained:

p = kgT2m, (3.36)

After replacing the calculated p into the 3.35 de Broglie formula, we get the value
of A:

A=1.2 nm (3.37)

This wavelength is much less than the wavelength of light, and what is more
we can not create an experimental setup which has a slit distance of this size.
Fortunately, nature gives us a solution for this problem, because distance between
atoms in a regular crystal-lattice has the value which is in this range of size. An
atom corresponds to a slit, because it spreads de Broglie-wave due to diffraction’
(just as a slit spreads the light beam). Obviously, in crystal-lattice, there are a lot
of 7slits” (atoms), hence there are a lot of part-beams. In one hand, this is not a
problem, because the more slits we have, the bigger value of contrastyness (K)
we get. On the other hand, this is a problem, because we would like to demostrate
the interference-triad. Let us remember what we did before: we had to cover one
of the slits (or leave them open). It is clear, we can not cover slits (atoms) in case
of crystal-lattice, because they are too many for covering them all.

Fortunately, we are very lucky, because it can be demonstrared by mathematical
theory of diffraction that if a beam incidences to the surface of the crystal un-
der an optimal angle (and the thickness of the crystal is also optimal), then the
crystal-lattice behaves as a beam splitter (or, in other words, a semi-permeable
mirror). This means that it splits the beam into two coherent part-beams'® and
this is exactly what we need, if we would like to achieve all three experiments of
interference-triad.

9This is possible due to nuclear force that has a very short effective range. This force affects
even on the uncharged neutrons.

10We will see soon, that while in Young-experiment, slits did a wave- front-splitting, in case of
crystal-lattice an amplitude-splitting is done.
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This effect of crystal-lattice is used in the famous three-
eared interferometer, which can be seen to the right.
This device makes possible for us to achieve Young-
type experiments with particles. It was developed in
the middle of the sixties by Bonse and Hart. This tool
is used in studying neutron beams, since 1974. The basic element of the three-
eared interferometer is the “ear”. Without any proving, we say that this element
works as a beam splitter (it consists of silicon atoms forming a perfect crystal-
lattice, and its thickness is also suitable for working as a beam splitter). The “ear”
split the incident neutron beam into two coherent part-beams. On the other hand,
from the time-mirroring invariance of quantum theory, it follows that part-beams
which have a time-mirrored motion will be united by the “ear”.

Let us study the effect of the “ear” on the wave functions of beams.

N

(1N2)Ae®r)

Wave function of neutron which crosses through the metal plate (the ear) is a wave
pocket that arrives from direction ¢ (z as incident) and behind the plate, it splits for
a superposition of two wave pockets. One of these wave pockets heads along the
direction s (as scattered), the other one goes towards the direction d (as direct).
For the sake of simplicity, we suppose the metal plate halves the intensity, thus
amplitudes of outgoing part-beams equal the amplitude of incoming part devided
by V2. As we mentioned, in most cases, plane-waves can be used in calculations
instead of wave packets. Now, this is exactly a case, like those are. Hence, outside
of plate, wave function has the following form:
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Aetk ,in beam 7
U(z) = \%e’(’“’ﬂ‘ss) , in beam s
\%el("”?”d) ,in beam d,

where common factor e’ is omitted. Vector k shows towards the direction
of incident and direct beams, vector k' shows towards the direction of scattered
beam, and k& = £’. Phases 0, and J, are created by propagation inside of the plate.
So, wave functions of outgoing beams can be obtained from the wave function of
incoming beam in the following way:

When we write wave function of scattered beam, after replacing wave vector by
the wave vector of the new direction, we have to multiply by the factor L?e"‘SS.

In wave function of direct beam, leaving wave vector unchanged, it is enough for
us to multiply by the factor \/%ei‘;d.

Now, we show that due to time-mirroring invariance of quantum theory, difference
between the two phases equals /2.

N\

~

Wave function of the time-mirrored motion equals W*(z) (after omitting the com-
mon factor et (=t = =) 1In this case, two incident beams reach the plate
from right (from directions —s and —d). Wave functions of these incident beams
are the complex conjugate of parts of W(x) along directions s and d. After cross-
ing through the plate, wave functions can be created from these wave functions

in a way which we have already used before: we multiply by the factor \/%ei‘ss or
\%ei‘sd, and in case of change of direction, we replace wave vector by the wave

vector of the new direction.

From this rule, it follows that — in the time-mirrored motion — wave function of the
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beam which outgoes towards the line of the original motion (—) has the following
form

{iei(ﬁﬂas)] Lews + {iei(ﬁf+6d):| ieiéd’
V2 it L V2

provided A is real.This sum equals Ae*“;F, which is the complex conjugate of
the incomming (original) plane-wave. As a consequence of time-mirroring invari-
ance, this has to be true. Along the other direction (denoted by dashed arrow), on
the left side of the plate, wave function has to be vanished:

[ A e_i(*fmad)} R { A e—i(ﬁms)} A ey
V2 V2 V2 V2

After simpification, this equation will have the form below:
ei(és_éd) _|_ ei((;d_és) — 0 .

Let us note that on the left side of the equation, the two members are complex
conjugates of each other. This means their sum may equal 0 in the only case when
they are pure imaginary. What is more, they are phase factors, thus condition of
vanishing of their sum is

¢0s=0a) —§ or — i,
that is §; — 04 = +m/2, as we stated. In our case, now, it is all the same which
sign we use. From Schoridinger-equation, detailed calculation gives the lower

one, thus we can choose this one:

5 = bi— 5

Meaning of this equation can be expressed in the following way: in the original
motion, wave function of scattered beam and wave function of direct beam differ
from each other in a factor e~"/> = —i. In respect to time-mirrored motion, one
of the two incoming beams will cange its direction. This will be the one which
differs from the other one in a factor +i. Change of sign is a consequance of
complex conjugating that is connected to time-mirroring.
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3.5 The three-eared interferometer

The essence of the three-eared interferometer is a perfect silicon crystal with a
lentgth of 8 — 10 cm. From this crystal a shape is cut out as it can be seen below.

. mirror analyzer
splitter

neutrons

Left ear is a splitter that splits the beam which comes from a reactor into two
part-beams whose intensities equal each other. Middle ear is a mirror, which also
splits incoming beams into two part-beams, but the device uses only the scattered
part-beams. The role of the mirror is to make diverging beams convegrent in
order that we can analyze their interference. This analysis is achived by the third
ear which is the analizator, because interference of part-beams that arrive from
different directions can be analyzed by the help of that ear. Below, top-view of the
interferometer can be seen, where also wave functions of part-beams are enfaced.

(1 /2) A ei(ﬂr+255)

(1IN2)A ™ 1

::-Av,

(AN2)Ae (172) Ao

It can be easy realized that motion of neutron to analyzer is the time-mirrored of
motion of neutron to the splitter. It is understandable, if we notice that relative
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phase of part-beams reaching the analyzer equals /2. Really, upper part-beam
(let us call it 1) changes its direction several times than beam 2 (down). The
difference between their numbers of direction-change equals 1. This means that
wave function of beam 1 is the wave function of beam 2 multiplied by —:. So, the
rule that we found for time-mirrored motion can be applied when part-beams cross
through the analyzer. In other words, only one direction will have a nonzero wave
function from the two possible directions (s and d) on output of the interferometer.
Since wave function of beam 2 equals wave function of beam 1 multiplied by +,
beam 2 will change its direction, hence neutrons will appear in direct direction
only (wg = 1, wg = 0).

So, we found that neutrons will appear in direct direction on output of the inter-
ferometer only. The same result can be obtained by using wave functions enfaced
on the scheme without referring to time- mirroring.

But what is in the case of covering one of the inner paths by a cadmium plate
which absorbs neutrons? In this case, analyzer becomes a splitter, thus neutrons
can be found in both directions (s and d) with equal probability.

Let us notice what it means. Clear form of interference-triad faces us: due to
covering one of the paths, neutrons appear in a direction where there were no
neutrons before. Covering is not a problem, because distance between part-beams
is several centimeters, and we know our reactors ensure automatically that at most
one neutron is in the interferometer at a time, so interference can not be caused by
their mutual effect on each other.

This experimental result shows when they are not observed, neutrons do not act
like particles. On the other hand, as we know, when we observe them, we al-
ways find them in a well definite point of space, as localized particles. Every
micro particles!! has this ”deceitful” property which is called dual nature or wave-
particle dualism. We emphasize, this conclusion was drawn by demonstrating the
interference-triad only, quantum theory was not used at all. Theory was needed for
designing the device, where Schrodinger-equation of neutrons moving in crystal
had to be solved.

""This kind of behaviour was observed experimentally even in case of Cgg, and Crq fullerene
molecules, by Zeilinger-Arndt research group, in 1999. Mass of biggest molecules whose interfer-
ence were demonstrated succesfully was approximately 3 x 10724 kg. Molecules with a greater
mass are not vaporizable in a stove. Nevertheless, these observations foreshadow that the key
which distinguishes quantum objects from their classical mates is not their size.
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3.6 From the exact interpretation of Born-hypothesis
to quantum bits

Born-hypothesis gives the physical interpretation of mathematical apparatus of
quantum mechanics. Specifically, in case of measurement of position, this hy-
pothesis states, after making a position- measurement at a time ¢, particle whose
state function is ¥ (z, y, 2z, t) will be found in volume dV" around a point with co-
ordinates x, y, z, with a probability |¥(z,y, z,t)|*dV. Let us ask, how much is
the probability of observing of the (only) neutron in part-beam 1 (w;) or in part-
beam 2 (ws) in the interferometer? Let us choose a time ¢ when the entire wave
pocket describing the motion of neutron is within the interferometer. Since beam
is splitted by the beam splitter, it follows that:

1
L CYRURVES
1

1
Wy = /\\I/(x,y,z,t)|2dv =—,
9 2

where ranges of integrals cover volumes of part-beam 1 and part-beam 2.

How can we check this result? We can take detectors into the interferometer (into
both part-beams). In this case, every single neutron makes only one of the detec-
tors click'?. On the other hand, in case of observing numerous neutrons, numbers
of clicking of detectors will equal each other. In a normal mode, there are no
detectors within paths of part-beams. In this case neutrons are monitored by de-
tectors on the output of the interferometer, in directions s and d. But we can ask
a quetion which summarizes the essence of basic problem of this section: can we
say that when wave pocket is within the interferometer, neutron locates in one or
in the other part-beam with a probability of 1/2, even now?

That was the case really, when we detected them within the interferometer. But
could any change happen due to shifting detectors out of interferometer? People
tend to answer this question by saying a categoric "no”. This answer implies a
picture in which neutrons are within one or in the other part-beam with a proba-
bility 1/2, even now, since neutrons are always observed as integer particles, so
part- beam has to be chosen by a neutron at the time of leaving the splitter. It can
seem that the way of leaving the splitter can not be changed by inserting detectors
into the interferometer (in an arbitrary distance from splitter) or taking out them.

12Being an integer particle, neutron can create nuclear reaction which makes detector click, in
one of the detectors only.
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However, this arguing is denied most definitely by interference of part-beams! As
we saw, interference-triad is the surest sign that the thing which crosses through
the interferometer (and which is detected as a particle, on the output of the inter-
ferometer) can not act like a particle within the interferometer. If this thing would
reach the analyzer arriving from one or from the other direction, we would not
observe any interference.

So, leaving the splitter, neutron chooses either part-beam or the other one in only
case, when we can monitor it directly by using detectors taken into both part-
beams (within the interferometer) to find out which part-beam has been chosen by
the neutron.

Hence the correct answer of our original question is that: when we does not ob-
serve the neutron directly, if is not true that the neutron is (resides) in one or in the
other part-beam with a probability 1/2. Value of probability is correct, this is not
the problem. Then......what’s wrong? That picture is false which is implied by our
original question: when we do not observe it, neutron does not choose between
part-beams: the fact that neutron is within one of the part-beams seems not to
exclude that neutron is within the other part-beam too, at the same time.

This conclusion can be expressed by also the following way: in classical physics,
possibilities that are mutually excluded by each other, do not necessarily exclude
each other in quantum physics (but they “interfere”). Probably, this statement
summarizes the essential difference between classical and quantum physics, in
the most briefly way.

Let us notice, contradiction which is represented by this paradox is not a logical
one, but (merely?) it enlightens the inadequacy of our paradigm in which phe-
nomena (in this case: the motion itself) are incorporated by us. Let us draw again
the statements which are in conflict with each other on the surface.

e When detectors are within the interferometer, every neutron is detected in
one or in the other part-beam.

e When detectors are out of interferometer, experimental results do not com-
port with our belief according to which a neutron fares through the interfer-
ometer in one or in the other part-beam, even now.

Let us notice, not the same thing is said to be ’true” and “false” at the same time,
because in the two cases, physical situations are not the same. Nevertheless, we
think these two statements paradoxical, because building upon our experiences (or
upon our inborn paradigm), we believe that choice of beam had to happen when
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a neutron left the splitter, and this choice can not depend on further parts of path
of neutron. However, this is just an anticipation, an instinctive hypothesis, but it
can not be considered a fact. Obviously, it is senseless to ask, how much is the
probability of observation of neutron by detectors taken into interferometer, when
these detectors are not within the interferometer....

This question can be drawn sensibly only in such a way that: how much would be
the probability of observation of neutron, if detectors would be within the inter-
ferometer?

In daily life (and also in non-quantum physics), we give bona answers to questions
of this kind, without noticing that the answer is based on an unverifiable hypoth-
esis according to which validity of the answer does not depend on the alteration
of condition. Why would be essential the position of distant detectors (in front
of/beyond the analyzer) from the point of view of leaving the splitter? - as we
believe instinctively. In case of macroscopic balls, it would not be essential, as
we know, since that part of scientific practice which handles macroscopic world
is successful, though it is based on this assumption. But when we study neutrons,
the mentioned alteration is essential. This is proved by the interference.

As a summary, we can establish that Born-hypothesis gives probabilities of results
of real observations only, and it can not be applied when measurements are merely
imagined. It tells not the probability of being (or residing) of a particle in a certain
position, but the probability of finding'? of a particle on a certain place, in case of
making a real measurement (observation) using a suitable device.

3.7 What has this got to do with quantum bits?

What do we know about (classical) bits (in a nutshell)?

They are physical systems that have two states associated with values 0 and 1, and
with the help of them, information can be processed and stored. Knowing their
behaviour well, we can use them to make our work easier and more effective.

What do we surmise about quantum bits (or in short qubits)?

They are quantum physical systems that have two observable (or possible) states
(in other words, they are said to be two-state quantum systems) associated with
values 0 and 1, and with the help of them, (quantum) information can be pro-

3Do we remember the footnote that said: “There is a very important reason why we wrote
”finding” instead of writing "being”. This reason will be explained soon and as we will see, it will
be one of the keys for us to understand how quantum mechanic works”. Well .....the explanation
has just been given.
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cessed and stored. We can use them to make our work easier and more effective
in only case we know their behaviour. (We anticipate in advance that using qubits
our possibilities spread in an amazingly large measure.)

Let us notice something. In an interferometer, a neutron represents a two-state
quantum system, hence it can be considered a qubit. Due to the linearity of dy-
namical equation, it follows that a superposition of two (or more) states is also
a state. It means, if we have two obsevable (eigen)states of a quantum system,
any superposition of these states is also a possible state of the system, though it
is not an observable state (not an eigenstate). There is no phenomenon like this
in classical physics (for example: it would be very strange for me to reside on
several places of the space at the same time, wouldn’t it be? Nevertheless, quan-
tum objects show this kind of behaviour - as we saw). In case of neutrons, the
mentioned observable states were the two part-beams. They were the eigenstates
of the system of the neutron. Due to linearity, superposition of them is also a
state of the system. (This makes possible for a single neutron to interfere with
itself.) Actually, qubits are realized in other ways, but it does not matter, because
the same quantum physical description belongs to each system of this kind. Thus,
if we understand the behaviour of neutrons in interferometer, we have the basic
knowlegde to understand the behaviour of qubits, because there are two observ-
able states in case of qubits too, but qubits (just like neutrons in an interferometer)
do not choose from between their observable states. While no measurement is
made, a qubit is in the superposition of its observable states, without choosing
from between them.



Chapter 4

Qubits

Knowing enough to under-
stand the behaviour of qubits,
from this chapter we can be-
gin to learn about elements of
quantum information. Natu-
rally first of all the idea of
a qubit will be presented as
one of the most important ac-
tor of this subject. As we will
see, a qubit is a state vector
in a two dimensional Hilbert-
space. Though these ideas

have already been introduced in the introductory chapter, it can be useful, if we
start this little review by repeating some important knowledges. In a nutshell,
from this point we begin to learn about things belonging to the three main points

can be seen below:

e storage of information

— the information is stored in a quantum system

— information: the state of the quantum system

e processing of information (by using unitary operators)

e readout of information (by making quantum measurement)
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4.1 A brief story of qubits

As it is widely known, in classical theory of information, least unit of informa-
tion is the bit, whose value can be either 0 or 1. On the other hand, in quantum
information theory, this role is acted by quantum bits, or in short qubits. First of
all we try to provide a general characterization of qubits. The question naturally
arises: what can be qubits made of? The answer: any two-state quantum system
can be considered as a qubit, where the state of the system is the information it-
self. At the three-eared interferometer, we saw that state of a quantum system is
not necessarily defined. What does it mean, in case of bits? While a classical bit
can have merely two possible states (associated with 0 or 1) which are mutually
excluded by each other, a qubit can have more than two possible states, because
different superpositions of classically possible states (associated with 0 or 1) are
also possible states of a qubit (of a quantum system). In a superposition, state
of a qubit contains both classically possible (or observable) states with different
weights. A qubit which is in the superposition of states titled 0 and 1, till readout
of information (or in other words, till making a measurement), does not choose
from between 0 and 1. Knowing the state of a qubit, we can predict merely prob-
abilities of “materialization” of states 0 and 1, in case of making a measurement.

Using a quantum computer to process information, our input state can be a su-
perposition of classically possible states. Thus a quantum computer can process
different input items in a parallel way, at the same time. This parallelism makes
quantum computers able to solve problems which can not be solved by classical
computers. (Besides superpositon, there are several other adventages of the use of
qubits, but more on this later.) For the present - as we promised - we show what a
state vector is.

4.1.1 The state vector

In the general formalism of quantum mechanics (or in other name: Dirac-forma-
lism) introduced in the introductory chapter, state of a system is described by a
general, infinite dimensional vector. This vector is independent of any coordinate-
systems. To understand better the idea of state vectors, let us look at the simplest
physical system in which we have a particle with a mass m which moves in a
potential V' (q), where ¢ is the general coordinate of the particle and it can have any
value from —oo to +00. As we have already known, in Schrodinger-formalism
of quantum mechanics (in coordinate representation), at a time ¢, the state of a
particle is described by its wave function W(q, t). On one hand, if no measurement
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is made, (from a state W(q, o)), this state evolves according to the well known
Schrodinger- equation:

"2 92 .0
T Imog +V(g)|¥(g,t) = Zﬁa‘l’(q, t)

On the other hand, we know, in case of a measurement, only the probability of ob-
taining a certain classically possible (or observable, or eigen-) state of the system
can be calculated. Let us notice a strange duality:

e if the system is not disturbed by a measurement, its time-evolution is a nice,
liquid, and smooth evolution which can be considered as a model of causal-

1ty.

e in case of inserting a measurement into this smooth time-evolution, the
state of the system falls into one of its classically possible states (this phe-
nomenon is called: wave function collapse), and we can calculate merely
the value of probability of finding the system in a certain eigenstate.

Staying at this example, after making a position-measurement, we know that the
value of probability of finding the particle in the range between ¢ and ¢+dgq equals
W (g, t)]*dg.

We already know that a state described by W(q,t) can be featured by momen-
tum representation too, where it is desribed by ¥ (p, t). These representations are
connected to each other by the Fourier-transform:

1 & _ipg
\I’(p,t):\/ﬁ/ U(g,t)e” = dg

Both representations feature the same state, and they are totally equivalent to each
other. In our case, the role of a represantation is similar to the role of a coordi-
nate system in geometry. Accepting this analogy, the question naturally arises: if
problems of geometry can be handled by vectors which are independent of any
coordinate system, then similarly, is it possible to describe the state of a quantum
system in a way which is independent of coordinate systems (representations)?
The known answer is: yes. This is the aim of the Dirac-formalism.

Though we have already spoken about this formalism, but it is easily possible that
there are several students who did not understand perfectly the explanation. Here
we try to provide a more graphic and not-so-dense discussion of this topic.
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To introduce this formalism, let us try to give a geometrical interpretation to wave
function W(q, t), at a frozen time ¢. As we mentioned, coordinate ¢ can have any
value in the range of —oo to +00. On each places ¢y, ¢2, g3, etc, wave function has
the values V(g1 ), ¥(g2), ¥(gs3), etc. According to this conception, we can imagine
an infinite dimensional space containing mutually perpendicular axes associated
values of g (q1, q2, g3, etc). In this “system of axes”, W(q;) is the projection of
some vector on axe ¢;, and V(gz) is the projection of the same vector on axe ¢,
and so on. In this case, the mentioned vector (as its components too) represents
the state of the system (which was described by state function W(q, t), at a frozen
time t), hence this vector is called state vector. However, this vector is not an
average one, because its components can be even complex numbers, thus there
is a special notation for this kind of vectors. The symbol introduced by Dirac is
the following one: |). A vector whose components are W(q;), V(q2), ¥(g3), etc
is called U ket and it is denoted by the symbol |¥). On the figure below, we try
to illustrate this vector, but unfortunatelly, its visualization can be followed till
maximum three mutually perpendicular axes:

)‘»\%

¥(q,

So, a ket vector is denoted by the symbol |) and the title within this symbol. Each
state of a dynamical sytem is associated to a different ket vector. As we know, a
linear superposition of states of a quantum system is also a possible state of the
system.
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From this fact, it follows that the space of ket vectors is a linear one, in the fol-
lowing sense: if ¢; and ¢y are complex numbers and |a) and |b) are ket vectors,
their linear combination is also a ket vector:

|u) = c1fa) + eafb),

because the linear combination of states |a) and |b) is also a state of the system.
If we have several ket vectors and none of them can be expressed as a linear
combination of other ones, our vectors are said to be linearly independent vectors.
Number of dimension of a ket vector space is defined by the number of linearly
indenpendent vectors contained by the vector space.

Independent states (which are mutually excluded by each other, in classical phy-
sics) of a quantum system are represented by linearly independent ket vectors,
hence number of dimension of (state-) space of these ket vectors is defined by the
number of indenpendent states of the quantum system. In this interpretation (or
picture), time evolution of the system can be imagined as a rotation of the state
vector around the origo. (Let us try to remember, this is exactly the Schrodinger
picture discussed in the introductory chapter.) Returning to qubits: we remember
that any two-state quantum system can be considered as a qubit, where the state
of the system is the information itself. To make its visualization easier, we try to
illustrate a quantum bit (or rather its state vector) in the picture below:

b1
(1)

7

10) 0

In the picture above, qubit state | V') is a superposition of a state titled by 0 as |0)
and a state titled by 1 as |1), where states |0) and |1) take part with weights o and
B. Itis important for us to know « and /3 can be complex numbers. (The ones who
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followed materials from the beginning of this semester can surmise how to obtain
probabilities of choosing state |0) or state |1) by the qubit, if a measurement is
made.) Being a two-state system, in case of observation (measurement) a qubit
can choose from between maximum two, independent states. Polarization of a
photon, or spin of a particle, etc belong to systems of this kind. For example,
in case of spins, state spin up” (|0)) can be associated to bit 0, and state “’spin
down” (|1)) can be associated to bit 1. Using the base expanded by kets |0) and
1), it is important for us to know how to calculate anything we want to know
about the system. Being afraid of forgetting to mention, we have to mention a
very important knowledge, namely: length of a ket vector has to be 1, always'.
Obviously in this base, on the axe associated to bit 0, value of coordinate of ket
|0) equals 1, and on the other axe its coordinate equals 0 (and vice versa in case
of ket |1)). Ket vectors are generally represented by column matrix. In this case
they can be written into the following shape:

-()- - ()

We will need to use also adjoints of ket vectors (adjoint means: transposed and
(complex) conjugated). These kind of vectors are named bra vectors. In case of
having non-complex components, adjoints of kets |0) and |1) (bras (0| and (1] )
can be written into the form below:

O = (1 0), (1= 1)

Scalar (or in other word: inner) product of two vectors will also be needed. This
multiplication can be achieved in the following way: we have the adjoint of one of
the two vectors (in case of non-complex representatives, it is all the same which
vector is adjoined), then we multiply this adjoint vector by the other vector. For
example scalar product of kets |0) and |1) can be seen below:

(110) = (0 1) ((1)) =0

In case of non-complex components, order of factors does not matter, because:

'more on this later
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(110) = (0 1) <é> = (0]1) = (1 0) (g) =0,

but on the other hand, in case of kets |a) and |b) have complex representatives, the
following formula is valid:

(alb) = (bla)*

....and of course, we will need to use also the outer product of vectors. Instead of
a number, this kind of product results a matrix. As we can see below, in case of
outer product, order of factors is not irrelevant, even in the case of non-complex

components:
oai=(3) 0 v=(p o)

o= () o=(7 )

Now, let us return to our quantum bit:

10}, [1) = [¥) = a|0) + B[1),

where the following very important requirement has to be satisfied:

|a|? + |B]? = 1. (This requirement is necessary because of the probability inter-
pretation.) In this phase, we have to enlighten the reasons why we have to know
the things treated above. First of all, as we saw, state |¥) of a quantum bit is ex-
pressed on an orthonormal base which is expanded by kets |0) and |1). States that
are represented by kets |0) and |1) are called classically observable states. These
orthonormal, observable?® states are the eigenstates of the system. If a measure-
ment is made, the measured system falls always into one of its eigenstates (in case
of our qubit, into ket |0) or into ket |1)) and from that instant, state vector of the
system will be the ”chosen” eigenstate (or eigenvector). Now then! The ques-
tion is that how can we calculate the probability of finding the system in a certain
eigenstate, after making a measurment? We can calculate it via ascertaining the

2or in other words: states that are mutually excluded by each other in classical physics
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amplitude of projection of state vector |¥) on the certain eigenstate®. After obtain-
ing this projection (which is a complex number), we have to compute its absolute
value, and then we have to square this absolute value. The calculated number will
be the value of the sought probability.

For example, if we want to know the probability of finding the system of qubit
|U) = «a|0) + B|1) in the state |0), after a measurement, we have to calculate
the square of absolute value of .. Square of absolute value of a complex number
equals the number itself multyplied by its complex conjugated. In our case, it
means: |a|*> = a*a. Since we will work with vectors with two or far more then
two number of dimensions, it is necessary to know how to calculate probabilities
that we are interested in. First of all, let us keep in mind that scalar product of
two vectors which are perpendicular to each other equals 0, furthermore let us
realize that all eigenvectors in the linear combination which builds up state |¥)
are mutually perpendicular to each other (in our case: |0) and |1)). From these
two facts it directly follows the way of calculation of probabilities which we are
interested in:

We have to square the absolute value of scalar product of state |¥) and the eigen-
state whose materialization-probability we want to know. This method can be un-
derstood very easy, if we keep in mind that | ') is a sum of mutually perpendicular
(eigen)vectors, thus in case of multiplying it by a member of this sum, we actually
do the following: we multiply all members of the sum by the given member and
add the obtained results to each other. Consisting of mutually perpendicular ket
vectors, all scalar products which contains different kets results 0. Only the scalar
product survives this operation in which the angle between the eigenvector and our
ket is equal to 0. There is only one such an eigenvector in the linear combination
of |¥), namely the one by which |¥) was multiplied. Obviously, scalar product
between our eigenket and itself equals 1, and this result multiplies the projection
which we are intersted in (which can be called probability amplitude).

What is it all about? If we are interested in the value of the projection of |V) on
a certain eigenket, all we have to do is to have the scalar product between |¥)
and the eigenket. Let us consider a very simple example, where we show how
to compute the value of probability w; of finding the system in state |1) after
making a measurement on the base of (|0), |1)), if the initial state of the system is
W) = al0) + BI1):

wr = [(1T)]* = [(1(a]0) + BI1))[* = [a(1]0) + B(11)[* =
=lax0+px1*=[p] =58

3obviously before making the measurement
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...Or in matrix representation:

«

w =[P =10 1) (§)F =18 =575

Considering things drawn above, we can understand the reason of the requirement
connected with |¥) = «|0) + S|1), namely: |a]?> + |3|> = 1. Since |a|? is
the probability of finding the system in state |0), and |3|? is the probability of
materialization of state |1) after a measurement, obviously their sum has to be
equal to 1. From this fact, it follows that the length (or norm) of any statevector
has to equal 1, (because in case of |a|*> + |5]? = 1, length /|a|? + | 3| will be
equal to 1). From the foregoing, it is clear how to calculate the norm (length) of
an arbitrary vector |U). (By the way, the norm of a vector | V) is denoted by || ¥||.)

1) = Vi) = /a0 + 5 (1])(al0) + A1) =
= /1al200[0) + o 5011} + 5 {1]0) + (I} =
— VI + ]3P

...or it can be expressed via matrices:

Il = /T = \/(a* #) (5) = ViaF 157

Generally, « is a real number and S is a complex one. Besides superposition,
phase-freedom is also a newness, in quantum information (from the ¥ shape of
complex numbers). Phase-freedom makes possible for us to achieve computations
via interference.

This is related to another kind of visualization
of qubits which is represented by the Bloch- “‘ 0)
sphere, as it can be seen in the picture right. In

this case, the state of the qubits is described by
two angles (0 < 6 < mand 0 < ¢ < 27),
according to the following formula: |¥) = .
cos 2]0) + e sin 4|1). Any point on the sur- ﬁ
face of the sphere is a possible state |¥). In

this kind of representation € is responsible for -

superposition. If # = 0, the system is in state
|0), and in case of § = T, state of the system is |1). On this surface, orthogonal
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states are “over against’ each other. Let us remember, in our previous representa-
tion, orthogonal states were perpendicular to each other. This is the reason why g
is written into the expression above, instead of 6. Angle  represents the phase of
the complex factor.

4.1.2 Description of a multi-qubit system

Naturally, we will have to work with systems which consist of several qubits, thus
we need to know the way of description of their state. Firstly we stay at the case
of ensemble of two qubits. In this case the - four dimensional - state space of their
common system is the tensor product of their - two dimensional - state spaces.
The base where their state is expressed on is the so called product base, whose
elements are the following ones:

10)1[0)2 = 100)
|0)1[1)2 = |01)
[1)1]0)2 = [10)
[1)1[1)2 = [11)

In our case |¥) = ago|00) + p1]/01) + aq0/10) 4+ 31]11), and obviously the
following requirement has to be satisfied: |cgg|? + |ao1]? + |a10]® + |ai]* = 1.
Generally one of the a-s gets a real value while all the others are complex, hence
we get a very large phase-freedom. Let us realize that numbers in the symbols
of kets above are actually binary numbers. In decimal system, they correspond to
numbers 0, 1, 2, and 3. In case of a system which consists of three qubits, the first
base ket of the state space is |000) and the last one is |111), thus numbers from 0
to 7 can be described by base kets. If we have an n-qubit system, base elements
of its state space are the following ones:
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From this, it follows that general state of an n-qubit system can be written into the
following shape:

2" —1

) =3 ela)

=0

The question naturally arises how can a tensor production of vectors be achieved?*
Without any explanation we try to show this method below via an example:

aby

= () = (32) = o= | 2

asby

CL1b1 a1b2 a2b1 a2b2
o= a; ag ’ bh— bl bg . a ® bh— CL1b3 CL1b4 agbg a2b4
a3b1 ang a4b1 a4b2
agbg a3b4 a4b3 &4b4

Returning to n-qubit systems, we have to mention possibilities given by them: as
we have already known numbers and their superpositions can be described by
two-state quantum systems. What is it all about? As we know |U) = Zi:ol Ce|T)
is the general state of an n-qubit system, where in each |z),  is binary number
consisting of n pieces of digits. In a superposition of an n-qubit system, many
numbers (2" — 1 and 0) can be described at the same time via one of the states of
the system (and of course there is the phase-freedom, as an additional possibility).

“For example: how to achieve a production like this [00)?
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Chapter 5

Quantum gates

In the first part of this semester, from Schrodinger-equation we derived an im-
portant conservation law related to the current of probability-density. The derived
law of conservation represents the conservation of the total probability. It means
that any transformation which has an effect on our state vectors (for example in
case of their time evolution) must leave the total probability untouched. What
does it mean exactly? The thing is that though state vector may rotate around
the origo as the state itself is changing, its length has to be left unchanged by the
transformation which makes state vector rotate.

Why is it equivalent to the conservation of probability? Let us consider the well
known two dimensional case, where the norm (length) of the state vector | V) =
a|0) + S|1) was calculated according to the formula below:

W] = V(¥[P) = v/]af? + |52

Members under the root-sign are values of probabilities. Any change of the length
of state vector under some transformation would mean that sum of probabilities
has changed, or in other words: total probability is not invariant. But - as we
know - it cannot happen because of the law of probability-conservation. Since
quantum gates alter states, matrices which describe transformations made by
these gates has to represent operators which satisfy the requirement mentioned
above. Operators of this kind are called unitary operators (and their matrices are
unitary ones). Unitarity is a necessary and sufficient condition which ensures that
transformation cannot change the length of (the norm of) a state vector. Operators
of such kind of transformations are denoted by the following symbol: U. But

119
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what is the condition of unitarity? A matrix which represents a unitary operator
has to satisfy the following requirement: U~! = UT, where U' means the adjoint
(transposed and complex conjugated) of the matrix.

From the fact that length of our state vectors /(¥ |¥) = 1 (because of the total
probability), it follows that (¥|W) = 1. If | ) is subject to a unitary operation
of some U which alters the original state into a new state of | '), the following
expression has to come true: (¥|W) = (¥'|¥’) = 1. Let us check how unitarity
of an operator U can ensure it:

) =UIY)
(V¥ = (OU|Uw) = (¥]UTT|P)

We know that according to unitarity U~ = UT, furthermore we know U is a
square matrix, and in case of a square matrix UU ! = U~!U = I. Knowing
these facts, we can realize the value of the scalar product (just like the value of
the norm) remained the same after the effect of /. There is another important
consequence of unitarity of an operator like U, namely: transformations described
by this kind of operators are reversible. This means output state of a quantum gate
(or a quantum circuit containing several gates) can be retransformed to its input
state by sending back the output state into the gate (or circuit).

Let us consider what it means in case of one quantum gate:

So, our input sate is | V), and state | V') = U|¥) will appear on the output. (Since
henceforward every operator will be represented by matrices, from now U=U)
This output state will be sent back through the quantum gate, in other words matrix
U will have an effect on state | V') = U|¥). In this way, we will get the following
state: UU| V).

At this point, it is important to know that from the unitarity of a matrix U, it fol-
lows U is a self-adjoint (hermitian) matrix, thus UT = U. Accordingly, UU|¥) =
UTU|W). Since - as we know - UT = U1, our last expression can be altered into
the next form: UTU|¥) = U~1U|¥) = |¥). As we can see, we got back the origi-
nal input state, thus the transformation is really reversible. From this reversibility,
it follows there are classical gates which do not have a quantum analogous. For
example such a gate is the AND gate which gives 0 output in case of 00, 01, and
10 inputs. In such a case, input cannot be found out from knowledge of output.
On the other hand, NOT gate, which causes a bit-flip (0 — 1, 1 — 0), is a re-
versible one, thus it has a quantum analogous (|0) — |1), [1) — |0)). Its effect on
a general qubit is:
al0) + B[1) = af1) + 5|0)
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Representing the state of the qubit by a two-component column matrix like this

alo) + 611} = (5).

we can describe the effect of NOT gate by use of the matrix below:

(1) () (o)

which is actually one of the three Pauli matrices' denoted by o,.

Now, that we know there are classical gates which do not have quantum analogous
(for example: AND gate), it is time to mention a quantum gate that does not
have classical analogous. Such a gate is the one-bit Hadamard gate whose circuit
symbol can be seen below:

H

The left side line of the picture above represents the input quantum bit, and the
right side symbolizes the output qubit. It is nice, but we still have not written
what happen with qubit crossing through the Hadamard gate. Depending on the
bit itself, the gate can have two kinds of effect on the qubit:

1

H0) = —=(|0) + 1))

Sl

2
1

V2

(Let us realized that the resulted states span an orthonormal base.) So, after the
effect of Hadamard gate, a qubit which was originally in one of its eigenstates

H[1) = —=(|0) = 1))

'more on them later
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(in |0) or |1)) gets into the superposition of states |0) and |1). It is apparently
impossible in a classical case. Let us realize that H? = I:

HH0) = %qu 1) = % %

1

(10) +11)) + 7

(10) = 1) | =
1 2
= Eﬁ’m = |0)

The matrix which represents the Hadamard gate can be seen below:

1 /1 1
=70 )
Naturally, there are two-qubit gates, too. From this kind of gates, C-NOT (Control-
led—NOT) gate is the most important one, whose effect can be found below:

From the rows above, it is clear that C-NOT affects only in case value of first qubit
(the control bit) equals 1. In this case second qubit (target bit) is given a reverse
value than it had before (a bit flip happens). If we have a little patient, we can
easily find out the matrix which represents the effect of C-NOT:

1 000
0100
C’_0001
0010

Watchful readers can find quickly the NOT gate hiding in the right bottom part of
the matrix. Checking of unitarity of C-NOT is a reader’s task.

Circuit symbol of C-NOT can be seen below:
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N
U

In the picture above, upper line symbolyzes the controll bit whose value remains
untouched by the gate. Only the value of target bit (visualized by the lower line)
can change, in case value of control bit equals 1.

5.1 Quantum circuits

Now we have reached the point, where it is worth introducing the method of mod-
elling quantum computation via quantum circuits. As it can be surmised, in a
system of this kind of circuits, qubits are symbolized by lines of the circuit, and
quantum gates (which are actually unitary opertors) are denoted by their symbols.
There is an important theorem, namely: Any kind of unitary transformation can
be constructed by use of one-qubit gates and C-NOT gates. (We set aside from
proving this theorem.) This is the reason why we can meet so many C-NOT gates
in schemes realizing different kinds of quantum informatical protocols. Below,
we show a very simple quantum protocol.

5.1.1 Deutsch algorithm

As a tradition, many times Deutsch problem is the first treated one in standard
textbooks on quantum information to demonstrate how efficient a quantum algo-
rithm can be. The reason which makes writers of these books follow this way can
be easily understood, if we realize that though using very few knowledges, this
algorithm already shows quantum paralellism in computation, giving students a
relatively simple tool that demonstrates how a quantum algorithm can work tipi-
cally. Let us follow our great ancestors by beginning with this algorithm.

Let us consider a function f which maps the discreet set of {0, 1} onto the set
{0,1}. In case f(0) = f(1), function f is called constant, and if f(0) # f(1)
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function f is a balanced one. Using some classical method, we have to make two
evaluations to decide whether function f is a constant or a balanced one. However,
using Deutsch algorithm, we can decide it after one evaluation. Let us check how
it works. First of all, we have to know the quantum circuit which implements
Deutsch’s algorithm. This circuit is drawn in the figure below:

|0> - H H [— measurement

11){H U

f

In the picture above, Uy denotes the f-Controlled-NOT gate (or fNOT, CINOT, or
Deutsch gate). What does this gate do? In case of denoting the upper bit (which is
the control bit) by |x), and the lower bit (target bit) by |y), two-qubit gate U has
the following effect on the pair of qubits: |x)|y) — |z)|y® f(x)), where & means
modulo-2 addition, which is subject to the following connections: 0 + 0 = 0,
0+1=1,140=1,141 = 0. In the figure below, different states of the
two-qubit system is denoted, correspondently to relevant sections of the circuit.

0}

H H —— measurement

1) ;

H U
vy le) [w) )

As it can be seen, input state of the circuit is Vo) = |0)|1). Due to the effect of
first two Hadamard gates, this state alters into the state |, ), as we can see below:
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1

V2

_ %(|00> —]01) + [10) — [11))

W) = H|0)H[1) = iz(|0> +11)—7(10) = 1) = %(|0> +(1))(0) = 1) =

Now let us see how does this state change due to effect of Deutsch gate:

[Ws) = CNOT|W) = SCFNOT(00) — [01) + [10) — |11)) =
= %H0>|0+ FQ0)) = 10)[1 + f(0)) + )]0+ f(1)) = D1+ f(1))] =
= %HOWO +7(0)) = 1+ £(0)) + [1)(10 + f(1)) = [1+ f(1)))]

In case of being watchful, we can realize some possibilities which can simplify
the expression above, namely:

o if f(x) =0, then [0+ f(z)) — [1 + f(2)) = [0) —[1)

e on the other hand,
if f(x) =1, then

0+ f(@)) = 1+ f(z)) = [1) = |0) = (=1)(|0) = [1))
o thus: [0+ f(2)) — L+ f(x)) = (=1)/®)(|0) — [1))

From this enumeration, it follows that |¥5) can be written into the shape below:

105} = Z[(~1O[0) + (=17 O |))(10) — 1)

Before making the measurement (in other word: readout) on the output of the
circuit, we have to find out the effect of the last gate on the state of the system.
As we can see, in this case a Hadamard gate affects on the upper qubit. Let us
calculate the resulted state after its action:

1
Uy) = ——
|3> 2\/§
1

= 2\/5[((—1)”0) + (=1))]0) + (1) = (=1)/D)1)](|0) — 1))

[(=1)7O(l0) + 1)) + (=) (o) — [1)](l0) — 1)) =
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So, |¥3) is the output state of the circuit, and as it can be seen, there remains no
more but to make a measurement on this output state to find out whether function
f is a constant or a balanced one. It is natural to ask: how can we decide it based
on only one measurement (or in other word: evaluation)? The answer can be
easily understood, if we try to imagine what is the output state |¥3) in case of a
constant function and in case of a balanced function. Let us see the result of our
imagination:

e if f is a constant function, the resulted state is

W) = £=(100) — o))

V2

e if f is a balanced function, the resulted state is

W) = £=(110) — 1))

V2

So, we can draw a conclusion, according to which if f is a constant function, state
of the upper qubit will be |0), and if f is a balanced one, upper qubit will be in the
state |1).

Thus, making one measurement only on the upper qubit, we can decide what sort
of function f is.
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Density matrix, mixed state

Density matrix has already been partly explained in the itroductory chapter. Now
we detail some of its important features which will be useful later. First of all we
have to define a very considerable idea, namely: ensemble which is a set of similar
quantum systems prepared in different states. Suppose we select one of these
systems. The probability of selecting a system whose state is W; equals p; and
> . pi = 1, where n denotes the number of the systems. Measuring a physical
quantity A, we would like to know its expectation value on this ensemble. In other
words, we want to know (A). In a state | ;) — as we know — the expectation value
of A can be calculated in the following way: (U;|A|¥;). However we need to
average twice: besides the former expression, we have to average over weights
too. Hence

Z (U, A|W;) = Tr(pA),

where ¢ is the well known density operator which features the ensemble and as

we can surmise ¢ = ZpZ]\If )(V;|. How did we get this expression of 9? Let us
=1
consider the followmgs

As we know:

0,) = (g) = (%) + (g) = (é) +5z( ) = ai|1) + Bill).

127
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Let us take the inner product between |V;) and |V;):

(W;|W5) = (o B) <%j> = aja; + B} B

Let us mark this result and consider the outer product of these kets:

ok o,
V.| = ot B = J i
| >< | (@) ( J j> <5i04j ﬁzﬂj)
As we can see, having the trace of the outer product (summing the diagonal ele-
ment of the matrix above), we obtain exactly the result of the inner product!.

So

Tr(|Wa)(¥,)) = > () {(ln) = Y (U;ln)(n]T;) = (V;1];) = (¥;]¥).

n n

That is the operation of the trace makes the outer product an inner product. Re-
turning to the initial statement:

TT{A;@WQ(\E@ ZpZTr{ANf x1/|} szqf|A|\1/

So the density operator describes an ensemble. Nevertheless, there is another in-
terpretation of the density operator, namely: when a subsystem of a larger system
is considered. As an example, let us suppose we have two systems, A and B. In
this case the common state vector is |¥) € H4 ® Hp, which can be expressed
on the following base: {{|n)a}; {|m)p}}. Hence [¥) = >"  cpm|n)|m) and
> o [cam|? = 1. Let us consider a system X 4, which is one of the physical quan-
tities of system A. In this situation, X4 ® Ipis a two- system operator measuring
X 4 in system A, but leaving B untouched. Its expectation value is

(Xa) = (VX4 @ [p|0) = Y > (V[Xa @ Ip(Jn)alm)p aln| 5ml])|¥) =

> alnlY ] p{m| ) (¥lm)pXaln)a,

'The only difference is that 7 is replaced with j.
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where

S 6 (m|W) (W]m) 5

m

is the reduced density operator of subsystem A denoted by 0. In the derivation
> a(n|>_ p(m| V) is just an expression factor and (¥|m)p was also replacable,

n

because X 4 does not have an effect on |m) z, because it is in system B.)

Knowing that

os = Trs| W) (V] = (ZB<m|w><w|m>B),

m

we have that

<XA> = T’I“A(@AXA).

In this case, though the larger system is in a pure state, its subsystem is in a mixed
state.
Let us consider examples for both interpretations:

Example for the ensemble interpretation (in case of qubits):

Let us suppose we many qubits and half of the qubits are in state |0), while the
other half of them are in state |1). In this case the density operator is

I

N | —

1 1
0= 51000+ S 1)(1] =

Let us try to find out the expectation value of o,. As we know it is one of the three
Pauli operator represented by the following matrix:

/1 0
02—0_1.

By the way |0) and |1) are the eigenstates of o, with eigenvalues 1 and —1:
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0= %) ()
o= (5 %) (%) =-w

From this it follows that

10)

1 1
(0,) = 51 + 5(—1), which is obviously equals T'r(go,) = 0.

Example for a system consisting of two qubits in a state

1
ﬁ(m”'% +[1)al0)5).

We do not know it yer? but this is one of the four famous Bell states:

W) =

=10+ 10) = —

W) = 7

O = = O

Now let us see the spin of A. We know that Trg(|V)(V|) = 04, thus

~

0A =

5 wlm{ = (00l + 040))+

m=0

\/§( 40| (1] + A<1|B<0|)}‘m>3 =

;ZB m|{|0 Al a(0] (1] 4+ 10)a| 1) 5 4{1]| p(0|+

m=0

19410} (0] (1] + [1)4]0) 5 (1] B<0|}|m>3 _

2But it will be shortly discussed.
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(1004001 + 11)4 401]).

Since o,, =0, ® Ip,

(0,,) =Tr(c.04) = 0.

In this formalism, if we want, also a pure state can be described by a density
operator, where

0= sz'|‘1’z‘><‘1’z‘| = W) (¥

because each element of the ensemble is in the same state, whose weight is 1.
Weight belonging to all the other states is 0. The expectation value of a physical
quantity A is

(A) = Tr(pA) = Tr(|0)(¥|A) = (VA V).

Both pure and mixed states can be featured by density operators. If a density
operator has a shape like this o = |W) (|, the state is said to be a pure state, but
in case of weighted sum of pure states — o = > p;|V,;) (V;| — the related state is a

7
mixed state. It is natural to ask that in case we have a density operator, how can
we find out if it is a pure or a mixed state? This question can be answered with
the properties of density operators:

Tr(g) =1

Proving:

Tr(o) =Tr (Zi:pimfi)(xpio _ Xi:piT’”Q‘I’iN‘PA) _
;px%l\lw = Z:pi =1

>
I
>
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This feature comes from the construction of the density operator, because
|U;) and (| are the adjoints of each other. From this feature, it follows
that eigenvalues of 0 are real.

0 is a positive operator, that is (¥|g|¥) > 0. Proving:
(9121e) = (0] (i)l ) 9) = (ol ) =

> il (W @) >0
0 is positive if and only if all of its eigenvalues are \; > 0. Being a Her-
mitian operator, it has a diagonal production: ¢ = > \;|u;)(u;|, where it
is true that (u;|u;) = 0;; and 32 |u;)(u;] = I, (\; > 0). Though different

7
|W;)-s are not necessarily perpendicular to each other diagonalization can
be made (spectral theorem).

0 is a pure state if and only if

tr(o®) = 1.

Obviously, in case 0 is a pure state:

o= W] = & = ([0 () (W) () = [w)(¥] = 5

(let us remember: (U|W) = 1), and the trace of g is 1.

Without additional provings, we declare that in case of a mixed state

Tr(o

%) <1 =Tr(0) and for a pure state Tr(0?) = 1 = Tr(p).



Chapter 7

A quantum cryptographical protocol

So far, we have learned the simplest tools
which are necessary for us to understand
the most elementary algorithms and meth-
ods in quantum information. Hence, by
this time, we have become clever enough :-
) to begin to deal with some of the simplest
applications of the easiest parts of quan-
tum mechanical toolkit in the area of quan-
tum communication. Nevertheless, some
algorithms and methods belonging to the
same area have to be treated separately, be-
cause even now, we do not have knowledge
enough in quantum mechanics. What is it
all about? For understanding this dilemma,
let us consider - for example - the quantum
cryptographical protocols. These methods
should be explained in the same chapter,
accordingly their goals. But we can not
do this, for several reasons. Just as an ex-
ample of these reasons: there is a cryp-
tographical protocol called E91 which is
based on the phenomenon of quantum entanglement, and if we would like to un-
derstand how it works, we have to know the fundamental theoretical background
of the entanglement. Being an important topic which is unknown for us, entan-
glement requires an own chapter, thus it should be treated before learning about
certain cryptographical — and some other — protocols.

133
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Nevertheless we would like to maintain the attendance of students, hence we start
to learn about practical applications which can be already understood using the
discussed / known theoretical tools, and those applications which still can not be
understood will be discussed in a future chapter after explaining their theoreti-
cal background. This tuitional method results a structure which is based on not
the goal of algorithms, but on the theoretical basics which we need to know for
understanding them. So, let us start it.

7.1 The BB84 protocol

Question: what does cryptography mean?
Answer: it is the art of secret communication.

Let us consider the following situation where Alice wants to send a secret message
to Bob. In a case like this Alice’s message has to be encoded using some kind of
cryptographic key. Probably the oldest and simpliest method to make a message
secret is the Caesar code/cipher, which is a substitutive encryption procedure,
where each letter of the alphabet is replaced by another letter. The distance be-
tween the position of the original letter and its substitutive is given as a key for
the encryption method and its value can have (1, 2, 3, ....etc). In this procedure —
in Caesar’s time in the history — the primary alphabet was the Latin alphabet and
the secondary alphabet was obtained by using this ciphering method. Nowadays,
using English alphabet, if "I love this semester!” is the message to be encrypted
and the value of the letter-transpose (the key) is 2, each letter of the English al-
phabet will be transposed by 2 places and the encrypted message will be "k ngxg
viku ugoguvgt!”'. Evidently this is an easy breakable kind of ciphering. However,
if we use a random value of transpose for each letter and we use the obtained key
only once, we get an unbreakable? encryption method called Vernam cipher or in
other words One Time Pad (OTP). (The only disadvantage of this method is that
the used key is as long as the text itself.)

So, Alice needs to have two important things:

e One of them is the algorithm of the encryption. (For example transposing
the letters.)

"Provided we do not handle upper and lower cases.
2Proved by Shannon.
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e The other one is the key. For example, using a Caesar code, it is the value
of the distance of the transpose.

Nevertheless, we must keep in mind the following — proved — theorem:

the safety of a crypto-system does not depend on the secrecy of the applied algo-
rithm, but depends on the secrecy of the key only. Hence, to find a secret/safe way
to share/distribute the encryption key to the parties of the communication is the
most important task to solve. This problem can not be solved by using any of the
classical methods.

However, we have a new hope, because applying one of the several quantum key
distribution protocols the problem is solvable, with a complete safety.

Let us consider a present-day example to understand how encryption works. So,
Alice’s message consists of a set of bits, like this one below:

In addition to this, she has a randomly generated encryption key consisting a set
of bits, too:

She can encrypt her message by adding the corresponsive elements of her message
and the key, according to modulo-2, where

0B 0=0,
0@l=1,
180=1,
1e1=0.

The resulted encrypted message can be seen below:

Original message | 0 1
Encryption key 1 1
Encrypted message ‘ 1 0

O = =
—_— O =
oo O
O = =
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Now then, this encrypted message will be sent to Bob, who needs to have the
encription key used by Alice, provided he wants to find out what Alice wanted to
communicate. Supposing Bob has the key, it is natural to ask how will he decode
the message he got? The answer is very simple: the received (encrypted) message
and the key has to be added to obtain the original message:

Encrypted message | 1 0
Encryption key I 1
Original message | 0 1

—_— O
—_ O =
oo O
— | O

As we can see, it is an unbreakable — or at least a hard breakable — encryption
algorithm. However, it has a weakness, namely it can not be garanteed that Alice
and Bob are the only persons who have the secret key. In addition to this the
presence of an eavesdropper (let us call her Eve) can not be debunked. Let us see,
how quantum cryptography help us to eliminate this problem.

So, the goal of Alice and Bob is to share a common secret key known by them-
selves only to ensure the secrecy of their communication. Before all, they need to
share a quantum and a classical channel (the latter can be anything, even smoke
signals). Their common quantum channel is a one way channel from Alice to
Bob and the classical channel is a two-way channel. First of all, Alice randomly
generate a set of classical bits*:

After finishing it, Alice encodes each bit of the set into a quantum bit, in the
following way: for every qubit, she randomly chooses a preparation basis which
can be either the basis spanned by the eigenvectors of ¢, Pauli matrix or another
one spanned by the eigenvectors of o, Pauli matrix. Let us lebel the former basis
as Z basis and the latter one as X basis. As we already know, elements of the
Z basis are {|0); |1)} and the two basis vectors of the X basis are {|+); |—)},
where |£) = \/LE(|O> + |1)). Bearer of the quantum bits used in this protocol
can be photons, and their observable polarization (eigen)states play the role of the
basis vectors. In this picture, if Z basis is considered as a horizontal polarization
basis, then X basis corresponds to the rectilinear polarization basis, where these
two bases are the 7 /2 rotated of each other.

3Naturally, in a real life situation the length of a set like this is much more longer than the
presented one.
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Now then, depending on the chosen preparation basis, bit 0 can be encoded into
either |0) or |[4), and similarly, bit 1 can be associated with either |1) or |[—). As
a visualization, these bases can be imagined in the following graphic way:

X basis

Z basis

In this situation — as in general in any of real life cases — the orientations of the
basis elements matter only, or rather we can say the orientations of the axes matter
only. It is important to realize and to keep in mind that if a qubit is in either of
the eigenstates of one of these two bases, its state is a superposition on the other
basis, and vice versa. If we keep in mind this fact, we will understand how BB84
quantum key distribution protocol works. Let us consider the figure below, where
in the first row, we can see the randomly generated set of classical bits, in the
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second row — for each bit — the randomly chosen preparation bases can be seen,
and in the third row the prepared quantum bit states are enumerated, where 0-s or
1-s are encoded into each qubit.

O 1 101 01 1T 1010
X X + X + + + X X + + X
Quantum bits sent
by AlicetoBob: |/ N * /2 1t - * XN N\ - © 7/
X + + X X + X + X X + X
Y /7N -7 XN 1"1T7
O 1 101 0O0O0T1TT1T1TFDO0
/-1’7 - --=-N-1"117
This is the raw key: | O 1 0 0 1 1 0

From the 4th row, Bob’s side is presented. This row containes the measurement
bases chosen randomly for each qubit by Bob. What is it all about? After ob-
taining the qubits sent by Alice, Bob chooses randomly a measurement basis (£
or X) for each qubit he got, and he makes a measurement on every single qubit
in the corresponsive basis. After completing his work on measurement, he doc-
uments the set of the resulted values. After this, Alice and Bob check the set of
their randomly chosen bases (not the results) via a public classical channel, and
they keep those elements of their sets of bits where they chose the same basis. The
bits which remained form the raw key, which — in the presented situation — is the
following set:

01 00110

The reason for calling this set raw key will be shortly discussed.

One more thing remains to be understood for us to see why this method is better
and safer (or rather: absolutely safe) than any of the classical key distributions.
First of all let us try to find out what an eavesdropper can do to get the secret key.
She ( supposing her name is Eve ) can catch the quantum bits sent by Alice and
before retransmitting them to Bob, she can make a measurement on each quantum
bit she caught. And this is a critical moment, because she does not know which
bases were chosen by Alice and which bases will be chosen by bob (because Alice
and Bob will check their bases publicly only after Bob obtains the qubits). Hence
Eve must select one of the two used bases ( Z or X ) and make her measurements
”blindly” without any knowledge about Alice’s or Bob’s bases.
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And here comes the essence of this protocol: Alice and Bob know their results
are necessarily the same for every qubit where they chose the same basis*. As we
already know these results form the raw key. Now, we say the reason why we call
this kind of key a raw key. To obtain the “final” key which will be used in the
secret communication between Alice and Bob, they need to compare a part of the
raw key publicly (immolating the selected part), because they know the following
important thing:

if in these cases — where Alice and Bob chose the same basis — the mesurement
basis chosen by Eve were not the basis which were selected by Alice and Bob,
Eve’s measurement results a state which is a superposition in the basis chosen by
Alice and Bob. Hence Alice and Bob can find different results with a probability
of 1/2 where their results should be the same because of the superposition caused
by Eve’s measurement (in her wrong chosen basis). Hence, the presence of an
eavesdropper — in our case: Eve — can be detected because of the non-reversible
disturbance introduced into the quantum state by her measurement. The reason
for the 1/2 value of the probability is that even a superposition state can fall into
the ”good” eigenstate of Bob’s basis with a porabability of 1/2. In this case, the
presence of Eve remains undetected. Moreover, it is imaginable for Eve to choose
the ”good” basis with a probablity of 1/2. In a situation like this her presence can
not be detected by comparing Alice’s and Bob’s results. Fortunately, Alice and
Bob work with a raw key whose length is much more longer than the peresented
set, hence they can apply a statistical method which makes possible for them
to detect the presence of Eve with a complete security. If case of detecting an
eavesdropper, they drop the key and create a new one. Summarized: in case of the
quantum key distribution, the presence of an eavesdropper can not be kept dark.
This is the reason why quantum cryptography is unbreakable.

However..... what if Eve decide to copy / clone each quantum bit she caught before
retransmitting it to Bob and in this way she can make two clones of every quantum
bit sent by Alice. In this situation, having two clones of each quantum bit, she can
make a measurement on one of the clones, in basis Z, and can make another
measurement on the other clone, in basis X. In a case like this, it is possible for
her to circumvent BB84 protocol.

Let us realize there is a crucial point in Eve’s process, namely: we have not known
if cloning of an unknown quantum state is a possible quantum map or not. This
topic is discussed in the following section.

“according to the fundamental laws of quantum mechanics, as we already know
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7.2 Quantum cloning

First of all, we have to make the meaning of word quantum cloning clear. Suppose
we would like to build a machine which is able to create a perfect replica of
an arbitrary system being in an unknown quantum state. A tool like that seems
to be neceassary for certain information processing tasks. Error correction, for
instance, could be done using procedures making use of several perfect copies of
the original system carrying the information. Such a creation of one or more exact
replicas of physical systems in arbitrary (and unknown) quantum states is termed
as quantum cloning. The reason for the name, as we shall see, is that the “cloned”
system cannot be in fact distinguished from the original one.

It is natural to ask if the laws of quantum mechanics allow us to build such a
machine. To put it formally, we consider e.g. a quantum bit in the state. |¥) =
a|0) + B]1). In addition we need an ancillary sytem which will be the replica. Its
initial state can be arbitrary, say |0) w.l.o.g. The desired operation is then

[WH[0) — [0)[W). (7.1)

Let us first assume that an arbitrary state, say |¥;) can be simply cloned by a

unitary operator U:
Ul¥1)[0) = [¥1)|P1). (7.2)

If our machine works as we expected, we can continue cloning with another state
|Ws). The state of the target qubit is the same before. In this case we get the
following states:

U[W2)|0) = [W2)[P3). (7.3)

Due to the unitarity, inner product of the left sides of equations 7.2 and 7.3 has
to equal the inner product between the right sides of these equations. Hence we
obtain the equation below:

(O |UTUW)[0) = (W] o).
After simplifying, we get the following form:
(W1 Ws) = (4] W,)°. (7.4)

From equation 7.4, it directly follows that

0
(W1|Wy) = {1 . (7.5)
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As we can see in equation (7.5), our basic assumption (namely: quantum cloning
is a unitary map) leads us results which can be true if and only if we have a total
knowledge of the states to be cloned. Obviously, if we knew everyting about these
states, we would be able to create them without using any device to clone.

More generally it can be shown that the cloning map in equation (7.1) is not com-
pletely positive, so it is not physical. And this holds not only for quantum bits, but
also for any kind of quantum systems. This is the no cloning theorem of quantum
mechanics first pointed out by Zurek [3].

While thus far we have argued that cloning would be a useful operation in in-
formation processing, it is easy to see that the fact of its impossibility has also
positive implications from practical point of view. For instance it is a basic in-
gredient of quantum cryptography. If quantum cloning — in the sense of creating
perfect replicas of an unknown state — were a possible map, this protocol would
be breakable, because — as we saw in the last section — an eavesdropper, after the
cloining of the quantum system transmitted between the parties, could achieve
measurements on the clones of the qubits sent by Alice to Bob and the quantum
key distribution were not secure anymore.

7.3 Conclusion

As we saw, there are two things which makes quantum cryptography unbreakable.
On one hand, if Eve makes measurements on the quantum bits she caught, her
presence will become visible for the parties of the secret communication. On the
other hand, she can even try to make perfect replicas of the transmitted quantum
bits to circumvent the protocol, but quantum cloning is forbidden by the funda-
mental laws of quantum mechanics, hence she does not have any possibility to
break the safety of quantum cryptography.

Nevertheless, as usual, a real life situation is never as simple as the presented one.
For example, quantum channels are not ideal channels, but more or less they are
noisy. In addition to this, although, to make perfect replicas of a quantum system
which is in an unknown quantum state is an impossible quantum map — as we saw
— , imperfect clones can be done by a device called quantum cloner’. In case the
effect introduced by the cloning process is smaller than the noise caused by the
channel, an eavesdropper can pass undetected. Naturally (and fortunately) there
are strategies to eliminate this problem, but the discussion of these methods points

3This device and some related things will be shortly presented in a future chapter.
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beyond the frame of our short course.

From the following chapter we begin to learn about quantum entanglement. Be-
sides being a very interesting topic, without this phenomenon, several quantum
protocols (e. g. quantum teleportation, dense coding, E91 quantum key distri-
bution protocol, some of the quantum error correction processes, etc.) were not
possible.



Chapter 8

Quantum entanglement

Let us get acquinted with the phenomenon of quantum entanglement and outline
its aspects which are relevant for our course. We say that the quantum state |¥) €
H, ® Ho of a bipartite system 1s separable if it is a product of states of each
subsystem:

(U) = [W1) [Wa), [U1) € Hy, [V2) € Ho. (8.1)

If a state is not separable, it is entangled.

The definition can be obviously extended to multipartite systems. And as we shall
see later, the entanglement of multipartite systems bears a rich structure.

If a pure state |V) is separable, then all the subsystems are in a pure state. Thus
their density operators are projectors. E.g. for

o = Try |W) (V| (8.2)
we have )
(6V) =0 (8.3)
As Tr o = 1, it implies that
Tr (V)" = 1. (8.4)

This holds for all the subsystems if and only if the state is separable.

Considering a bipartite system this leads to a possibility of quantifying entanl-
gement: the “more mixed” a subsystem is, the more entangled the state is. The
mixedness of the state is commonly measured by the von Neumann entropy of the
density operator

H(o) = —Tr(olog 0), (8.5)
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which bears a sound information theoretic interpretation. In a d-dimensional sys-
tem its maximum value is log, d, attained by the state

1.

Ocm = c_i[' (8.6)

This is termed as the completely mixed state. It is the only state which produces a
uniform distribution of measurement results when measured in any possible basis.
For reasons not detailed here the partial traces of a pure bipartite state have the
same von Neumann entropy. Hence it is reasonable to say that the entanglement
of the state is quantified by

E(|)) = H (Trz |¥) (¥]) (8.7)

For practical reasons it is worth mentioning that a mathematically simpler quan-
tity can also be used to quantify the mixedness of the state, and thus entangle-
ment, albeit without an operational or direct information theoretic meaning. Its
construction stems from the fact that Eq. (8.4) holds if the state is pure. As the
diagonal elements of the density matrix describe a probability distributions, for
mixed states we have

Tro* < 1. (8.8)

Hence, the trace of the square of the density matrix is related to the purity of the
state in a way. It can be shown that its minimum value is 1/d attained by the
completely mixed state only. For quantum bits (i.e. d = 2 we can thus construct a
quantity with in the [0, 1] range (just like the von Neuman entropy):

1
Hiin(0) = 2 (5 - Q2> . (8.9)
This is termed as the linear entropy of the state. It can be easily verified that
the von Neumann entropy is a monotone function of the linear entropy, and so
that of its square root. Hence, entanglement can be described also in terms of
concurrence

C (|¥)) = /Hyy (Tro | W) (T]). (8.10)

The entanglement in Eq. (8.7) is its monotone function in the same range, it can
be evaluated with less effort, but does not admit an operational interpretation.

8.1 Mixed state entanglement

If a multipartite system is in a mixed state, its entanglement properties are far
more complex. As for the definition, a mixed state is said to be a separable one,
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if it can be constructed as a convex combination of separable pure states or — in
other words — it has a form like

0= pilWi) (W (8.11)

in which every |¥;) is separable. Unseparaple mixed states are called entangled.

In many cases it is hard even to decide if a state is separable or entangled at all: ob-
viously in this case the subsystems of a separable state may well be mixed. (Con-
sider the complete mixture of two qubits as an example. It is obviously separable
(the density operator being proportional the equal-weight convex combination of
the projectos of an arbitrary orthonormal basis, including any product-state basis).
Both subsystems are in a completely mixed state though.) Also, while pure-state
entaglement is fully characterized by the quantity in Eq. (8.7), for mixed states
there are several similar quantities which coincide for pure states but they have
different operational meanings otherwise.

One of them is entanglement of formation defined as follows:

E(o) = ZpkE [Un)), (8.12)

(P> |1bk sepdrable
Dk PrlR) (Yrl=0

that is, the infimum of the average of the entaglements of all the constituent pure
states over all of its pure-state decompositions. As we deal with finite dimensional
states, the infimum can be understood as minimum.

A similar quantity can be defined via concurrence:

Clo) = Zpkc (1)) (8.13)

(P> Wk Separable
>k PrlYR) (Yrl=e

It can be shown that entanglement of formation is its monotone function, and
in the special case of two qubits it can be calculated analytically. This is the
celebrated Wootters formula which is very broadly used in the literature, including
our work. Hence we describe it in what follows. For the detailed derivations we
refer to the original papers.
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8.2 The Wootters formula

In order to calculate the concurrence of a two-qubit state p, first we define the
Wootters tilde operation:

0= (0, ®0y)0" (0, ®ay), (8.14)

where * means the complex conjugation (or, otherwise speaking, the transpose) of
the density matrix in a product state basis, whereas o, is the second Pauli-operator.

Next the spectrum of the Hermitian operator has to be determined

v 00/ 0. (8.15)

Its eigenvalues A are in fact the square roots of the eigenvaluses of the (non-
Hermitian) operator

00- (8.16)

Let us put the eigenvalues A1, Ao, A3, A4 to decreasing order. The concurrence then

reads
C(0) = mazx{0,\; — Ay — A3 — \y} (8.17)

We shall employ this latter formula when calculating concurrence in some future
chapters.

8.3 Entanglement of multi-qubit systems

It may be an interesting question how can be featured the entanglement of two
chosen quantum bits in a system consisting of /N quantum bits, if the whole system
isin a pure state. As an illustration, let us consider the following specific example:
we have three quantum bits in a state which is called Greenberger-Horne-Zeilinger
(GHZ) state:
1

|Wanz) 123 = E(IOO(D +[111)). (8.18)
In this case, the state of the first two quantum bits is describes by the density
operator

1
012 = 5(|00){00] + [11)(11]). (8.19)

This state is obviously entangled. In fact, all the subsystems are in a completely
mixed state.
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When considering any of the two qubits (e.g. the first two, any of them can be
choosen for symmetry reasons), however, using the formula in (8.17), for this
density operator, we get C'(p12) = 0. This means that state (8.19) is a separable
state or, in other words, the first two quantum bits are not entangled with each
other as a pair.

It means that in the present entangled state there is no qubit-pair entanglement
whatsoever. Indeed, after carrying out a measurement on the third quantum bit in
the basis |0), |1), the state of the first two quantum bits will be either |00) or [11)
with equal probability. This means that the bipartite state can be constructed as a
convex combination of separable pure states.

So the entanglement of the first two quantum bits can be juggled away by achiev-
ing measurement on the third one. Due to the symmetry of the state, this holds
true of the case of any pair of quantum bits in this state. In the GHZ state (8.18),
the state of any quantum bit pair can be separated. The whole system is an enta-
gled state, after all! State (8.18) is not separable. This can be seen, if we choose
one of the three quantum bits, its state, according to (8.6), is a maximally mixed
state, that is, the chosen quantum bit is maximally entangled with the subsystem
of the other two quantum bits.

Hence, the entanglement present in this state is genuine threepartite. Interest-
ingly, it can be converted to maximal bipartite entanglement though. Carrying
out a properly chosen measurement on one of the quantum bits, we can make the
state of the system of other two quantum bits maximally entangled. Indeed, if the
eigenvectors of the measurement are now \/LE(|0> + |1)), we get the maximally

entangled states \/%(|OO) + |11)) with equal probability. Both states are maxi-
mally entangled bipartite states. If we are aware of the measurement result, we
know which state we have obtained, so we can use it, e.g. for teleportation‘. In
this system, its tripartite entanglement can be completly converted into a bipartite
entanglement.

8.4 Monogamy of entanglement

Note that a maximally entangled state of two quantum bits is necessarily a pure
state. Hence two quantum bits cannot be entangled with any other system. This
means that (unlike classical correlations) quantum entanglement has a property
which is called monogamy: pairwise entanglement of two subsystems limits the

"more on this later
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entanglement with the other subsystems.

As for a quantitative description of monogamy, we introduce another quantity
which we will use in our work. This is the tangle denoted by 7, which is the linear
entropy in Eq. (8.9) of a given subsystem, which, for qubits can also expressed as

7, = 4deto(k).

This is the so-called one-tangle, characterizing the entanglement between the
given qubit and the rest of the total system which is in a pure state. In case we
have two qubits in a pure state, the tangle relating to one of them equals the square
of the concurrence. Let us consider a system consisting of many qubits and sup-
pose the system is in a pure state. Checking concurrences of the qubit pairs in
the system, we get that Coffmann-Kundu-Wootters (CKW) inequalities [2] are
satisfied:

=D (8.20)

I#k

This formula can be interpreted in the following way: the entanglement measured
in tangle between the k-th qubit and the rest of the total system gives an upper
bound for the concurrence calculated between the k-th qubit and another arbitrary
qubit in the system. If these inequalities are saturated, the bipartite entanglement
is maximal.

The CKW inequalities had been originally formulated as a conjecture, but they
were later proven. Their saturation reflects that the bipartite entanglement is in a
way maximal in the system.

8.5 Bell inequalities

Since entangled states can have stronger correlations than any of the classical cor-
relations can be, as we already mentioned it, they are a valuable resource in quan-
tum communication. Before getting on the protocols based on the phenomenon
of quantum entanglement, let us get to know Bell’s inequalities to understand
what nonclassical correlations mean. As we know, in quantum mechanics, an
observable physical quantity does not have value until we measure it. However,
there were (and are) theories according to which — unlike in quantum mechan-
ics — , observables have values, even we have not carried on a measurement on
them. Since they depend on some “hidden variables”, we do not know their actual
values, because we do not know anything about these hidden variables. Bell’s
inequalities show that in case of very general conditions, hidden variable theories
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(more precisely: local hidden variables theories) yield predictions which conflict
with quantum mechanics and — what is more — these can be experimentally tested.
Spoiler: experimetal tests support quantum mechanics and reject the locality of our world.
In essence — as we shall see — Bell’s inequalities make a philosophical debate testable ex-
perimentally. And this was / is the biggest merit of Bell and his inequalities. In case of
Bell’s inequalities, we can see two observers (see the figure below), namely: Al-
ice and Bob (who else?). Between them, there is a source producing two-particle
states. One of these particles is sent to Alice and the other one to Bob. On her
particle, Alice can measure one of two quantities, a; and ay. The resulted values
of these observable quantities can be either 1 or —1. Similarly, Bob can measure
either by or by , and the measured values can equal either 1 or —1, too. The essence
of this idea is to execute this gedankenexperiment many times, and use the results
to calculate the quantities (a;b;).

Alice can Bob can
measure either measure
quantity a, or either quantity
a, b, or b, too.

Source producing
two-parcticle
states
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First of all, let us see how a hidden-variable theory would describe this case.

The source produces regulation sets which go with the particles. For instance,
one of these regulation set can say, in case Alice measures a;, she will get 1, and
measuring as , she gets —1, furthermore if Bob measures b; he will get —1, and
in case of measuring as he gets —1. We do not know which regulation set will
be produced by the source, hence the regulation set is our hidden variable. This
kind of a hidden-variable theory are called local theory, because the regulations to
Alice’s particle do not depend on Bob’s decision on the quantity to be measured.
That is, the regulation set does not say anything like, measuring a;, Alice will
obtain 1 if Bob measures b, and she gets —1 if Bob measures b,. We will consider
local theories only.

In a situation like this, a hidden variable can be the state of the source. If we know
the source is in some state m, results of the measurments can be prognosticated.
Obviously there are 16 possibilities:

valueofm | a; ay by be
1 -1 -1 -1 -1
2 -1 -1 -1 1
3 -1 -1 1 -1
4 -1 -1 1 1
16 1 1 1 1

Supposing we do not have access to the source, we assume P(m) is a distribu-
tion function of the states of the source, or equivalently, a certain number four-
some (ay, ag, by, be) can appear with a given probability. This means there is a
P(ay, ag, by, by) distribution function. From this it follows that the expectation
value (a;1b1) can be calculated as

-1 -1 -1 -1

(aabr) =YD DN “arby P(ay, as, by, by).

ar=las=1b;=1by=1

There can be possible 4 pieces of correlation functions like this, namely: (a;b;),
(ay1ba), {asby), (asby). According to calculations (not detailed here), the following
expression yields the biggest value which can be reached by this kind of (classical)
correlations:
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S = (aib1) + (a1by) + (azb) — (ashs) =

= ZZZZ[%(@ + by) + az(by — by)] P(ay, ag, by, bs).

a1=laz=1by=1bo=1

Let us call the expression in brakets multiplying the probability distribution X.
As it can be seen

X — aq (bl -+ bz), if bl = b2
ag(bl — bg), if b1 7é bQ.

In both cases | X | = 2, hence

-1 -1 -1 -1

’S| S QZZZZ P(al, ao, bl, bg) = 2.

a1=laz=1b1=1by=1

Expression |S| < 2 is Bell’s inequality. Naturally, similar inequalities can be
derived simply by interchanging a; and a, , b; and by, or both.

Now, supposing we are measuring the spins of two half-spin particles, we describe
the same experiment using the apparatus of quantum mechanics. (a; and ay (just
like b; and by) can be considered as measurements of the spin (or polarization of
a photon) along two different directions.)

Having a quantum source, let us suppose that

a1 = Oz, Az = Oy,

bl :be bg :O'yb,

and that the source emits particles in a state which is a maximally entangled pure
(bipartite) state (multiplied with a phase factor), or in other words, one of the four
Bell states:

1

) = —(]00) + e*[11)),

S

2

where
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02|0) = |1) 0|0} = i[1)
2|1) = |0)  oy[1) = —i]0).

In this case

(a101) = (V]|og, ® 04, | V) =

:% ((00] + e "3 (11]) 0, ® 0, (|00) + €'3[11)) | =

((00] + "4 (11]) (|11) + €'%]00)) =

(e”‘g + e_z%) =

N —

Since
and

it directly follows that

S = (aiby) + (a1ba) + (azby) — (azbe) = 4? = 2V2 > 2,

that is quantum mechanics violates Bell’s inequality. This fact has three conse-
quences:

e Quantum mechanics — that is our world — can not be described by a local,
hidden variable theory. From this, it follows that our world is nonlocal(!).

e In the local hidden variable theory, correlations came from a joint probabil-
ity distribution function.
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e Quantum mechanics can create stronger correlations than classical systems
can.
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Chapter 9

Some simple applications of
entanglement

9.1 Dense coding

Using this method, Bob can send Alice (or vice versa) two bits of classical infor-
mation by transmitting only one qubit. This protocol is based — what a surprise —
on quantum entanglement.

In the beginning, Alice and Bob share an entangled pair of qubits whose state is
one of the four Bell states:

1
|P_Yap = ﬁ(|01>AB — |10>AB>7 9.1

where indeces A and B refer to the name of the person who has the given member
of the pair. As we know, the four Bell states form an orthonormal basis in the four
dimensional Hilbert space, and they have the following shapes:

) = —(|01) + [10))

2

- %l

) = 5 (100) % 1)

Suppose Bob performs one of the four preconcerted unitary operations on the
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qubit he has. The four possible operataions are enumerated below.

e she applies operator I on her qubit: or in other words, she does nothing

e she applies operator o,

e she applies operator o,

e she applies operator o,
Let us recall the shapes of the three Puali matrices and the unit operator, then try
to find out their effect on Alice’s single qubit, finally calculate the resulted two-

particle states. So, the shape of the three Pauli matrices and the unit operator can
be seen below:

_(ony. (0 =i, (1 0 ;_(10
%2=\10) %= \y o) =7 \o 1) “7\o 1)

Now, let us see their effect on a single quantum bit whose state can be either |0)

=0 )= ()
= ))-()»

The other four results can be derived similarly:

0y|0) = i[1), oy[1) = —1|0), 0:[0) =0), 0:[1) = —[1)

Finally, we are interested in the two-particle states resulted by the four different
operations of Bob. Let us see how will the initial entangled state in 9.1 be altered
by Bob’s operations. In case he works with operator I, it is evident the state
remains the same:

1

@) = —=(l01) - [10)),

Sl

2
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where indeces A and B are omitted now. If he apply o, on his qubit the resulted
entangled state is

1

V2

In case of applying o, they get the following two-particle state:

(100) —[11}).

—1

1

7 (100) + [11}).

Finally, in case of applying operator o, on Bob’s single qubit, the common state
of the two entangled qubits they share will be changed into the following state:

1

V2

Let us realize the four two-particle states which can be resulted by Bob’s opera-
tion are actually the elements of the orthonormal Bell basis. The only difference
between Bell states (which form the Bell basis) and the state we can obtain is two
scalar factors (—i, —1). Hence any of Bob’s operations results a state which is
one of the elements of a four dimensional, orthogonal basis.

(101) + |10)).

Knowing this very important fact, we can turn to the second step of the proto-
col: after performing his operation, Bob sends his qubit to Alice, hence from the
moment she gets Bob’s qubit, Alice has the whole system, hence setting four oth-
ogonal detectors — correspondently the four possible states — she can find out the
resulted state and the corresponsive operation.

There is a crucial point here which has to be realized, namely: Alice’s measure-
ment selects one of the four possibilities which means two bits of classical infor-
mation, though Bob sent one piece of quantum bit..... and this is the reason for the
name of this protocol, namely: dense coding.

9.2 Quantum teleportation

In this protocol, Alice has a qubit denoted by A; in a state

(W) a, = al0) + 5[1),
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and she would like to transfer this state onto Bob’s quantum bit denoted by 5. It
is worth notify that Alice does not even need to know anything about the state of
her qubit. The question is what she can do to reach her goal. As a first idea one
can suggest Alice to measure the state of her qubit and to transmit the resulted
classical information to Bob. Unfortunately this strategy would not work, because
- as we know - the obtained information is not enough to reconstruct an arbitrary,
unknown state'.

In the method of quantum teleportation, Alice and Bob share an entangled pair,
A,, B in one of the Bell states:

1
|®—>A2B = E(|01>A23 - |10>A23)'

The whole state of their three qubits, the one whose state is to be teleported, and
the entangled pair can be expressed as a tensor product:

0) 4, ) ayss = —=(]0) 4, + BI1) 4,) (101) 4y — [10) 4y55) =

V2

1
= _(CY’OO>A1A2|1>B - 05’01>A1A2‘0>B + 5‘10>A1A2’1>B - 5‘11>A1A2’0>3)

V2

Instead of using a product basis, let us rewrite this expression into another shape
via the elements of the Bell basis spanned by the four basis vectors below:

1

[D4) = E(|01> +[10))
1

V) = E(|00> +[11)).

From these elements, it directly follows that

V2|®L) = |01) + [10)
V2|WL) = |00) + [11).

Using these equations, after a trivial calculation we obtain that

"We know this is caused by the effect of the measurement on the state vector.
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=(184) +12.)) = o)

S

(191) = [9-)) = 10

1

2(|‘1’+> +[P_)) = |00)

(1) — ) = 1),

Slilghs

If we use these results, we can continue rewriting the initial expression of the
whole state, namely

)00 = [a(182) + 1) 1z — a(fo) + [0-)) o)t
(122 = 1929 ILhn = 5(3-) - [9-)[0)a] -
3 10008 0l = BI0)8) + 18-, a1 + 6100+
0000 = al0)s + 511)8) + 0,0, = alO)s = 5I1)5)|

The key element of this process can be seen in the last two rows. What is it all
about? We can see Alice has two quantum bits, A; and A,. What if she makes a
Bell measurement on the system of these two qubits (which is the subsystem of the
whole threepartite qubit system)? Let us remember, in case of a Bell measurement
on a bipartite system like Alice has, one of the four Bell states will be resulted. As
we can see in the last two rows, after making her measurement, the (eigen)state of
Alice’s subsystem can be one of the well known Bell states. Nevertheless, what
is more, let us focus on the state of Bob’s qubit after Alice’s measurement, say,
what if the resulted state of Alice’s qubits is |®. ) 4,4,? As we can see, in this case
the state of Bob’s qubit will be —«|0) 5 + 5|1) 5, because the whole threepartite
system will get to the state [, ) 4, 4, (— @|0) 5 + 3|1) p) by Alice’s measurement.

Why is it so important? To answer this question we need to realize the fact that
if Bob knew Alice’s result (|9 ) 4, 4,), he would know what to do to get the state
Alice wanted to teleport to him. Four instance, in the discussed case, he would
make a unitary transformation on his qubit state. The question is what kind of
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transformation should be done by Bob? The answer is nearly trivial: the respective
operator of the transformation is —o,. Let us try to find out if it is true or not: the
matrix which represents —o, is

(-1
g, = 0 1/

Once again: in case Alice’s measurement results the state |, )4, 4,, Bob’s qubit
will be in —«|0) 5 + 3|1) g. Let us see the effect of —o, on this state:

—0.(— al0) + B1)5) = (_o1 ?) (-;) -

= (§) = alosa + 410,

which means the state of Bob’s qubit after making the transformation is exactly
the same like the state which was wanted to teleport by Alice. All she had to do
was to send the result of her Bell measurement to Bob.

This is almost exactly the case when any of the three other possible outcomes is
resulted by Alice’s measurment. The only difference is the kind of the transfor-
mation which has to be applied by Bob on his quantum bit to get the state to be
teleported. These “result — transformation” pairs are scheduled in the table below:

result of Alice’s Bell measurement || | ) |D_) Ui | |vo)
Bob’s transformation —0, | —I(orl) | —0o,0, | 0

Let us summarize the discussed process of quantum teleportation. In the begin-
ning the two parties share an entangled state consisting of two qubits. On Alice’s
side there is another qubit whose state is wanted to teleport (or in other words to
transfer onto Bob’s qubit) by Alice. To reach her goal, Alice makes a Bell mea-
surement on her two qubits and then she messages her result to Bob via a classical
channel. Knowing Alice’s result, Bob knows what kind of transformation has to
be applied on his quantum bit to transfer / teleport the state of qubit A; onto his
quantum bit.

There is a very important fact which we have to realize: this protocol is not copy-
ing / cloning, because the quantum bit — A; — which was in the teleported state
initially, will be in a totally different state after applying the protocol.
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And another interesting remark: if we do not know the state to be cloned, we can
not clone it (if we know the state, we can prepare it and there is no need to clone),
on the other hand, we can teleport any of the states, even in the case we do not
know anything about it.

9.3 E91 quantum key distribution protocol

In 1991 Artur Ekert suggested a protocol based on shared entanglement instead
of sending particles via a quantum channel (as we saw it in the case of BB84
protocol). Let us suppose a source sending entangled quantum bit pairs to Al-
ice and Bob. One member of each qubit pair is sent to Alice and the other
one is sent to Bob. Each qubit pair is in a singlet state which is the same in
both X basis and Y basis. We already know the elements of X basis, namely:
{]4); |—)}. Nevertheless, also the basis vectors of Y were mentioned in equation
2.203, where we wrote the eigenvectors of o, Pauli matrix. These eigenvectors,
[£)y = 75(|0) £[1)), where

=5 (i) =g (L)

span the Y basis. As we said, the singlet state of the qubit pairs has equivalent
expressions on both X and Y basis:

1 1

\/§(|+>A|_>B - |_>A|+>B) - \/§(|+>yA|_>yB - |_>yA|+>yB)

because on X basis, it has the following shape:

—(+1=) = ) = %( G) (—11) - <—11) G)> )

1 1 0

SR B et I (R I I
2\ 1 -1 22|

-1 -1 0

and then on Y basis, its form is the expression below:
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()l = =) = %( (1) (—1> ) (—1) <1> ) )

1 0
1 —1 ) o1 =2
VAU A A el

1 1 0

We can see the singlet state is the same in both bases (as we know a state and itself
multiplied by 7 are the same states). The point of the protocol is that Alice and
Bob autonomously choose a measurement basis from between X and Y randomly
and make a measurement in the selected bases. After this, they communicate each
other the basis they chose (but not the result). In case they chose the same basis,
the results of their measurements are perfectly anti-correlated. Hence the presence
of an eavesdropper can be detected in exactly the way as we saw in the case of
BB84 protocol: they need to check a part of the (raw) key. Nevertheless, there is
an important difference, namely: they can use their measurement results obtained
in the cases when they chose different bases, hence they can test if a Bell inequality
is violated or not. In case Eve had taken over the source and were sending particles
in definite states to Alice and Bob, for instance a |+) to Alice and a |—) to Bob,
then the Bell inequality would not be violated, and Alice and Bob would detect
her.

9.4 Quantum error correction

In this section, we study how quantum entanglement is used in error correction
processes. Due to the noisy quantum channels?, error correction is required in
the field of quantum communication protocols. First of all, we have to clarify the
reason why we use the quantum entanglement as a tool in error correction, instead
of using redundancy as we saw in the case of classical information systems. The
answer is very trivial, if we recall what we learned about quantum cloning. Being
an impossible quantum map, quantum cloning can not be used to create one or
several clones of a qubit which is in an unknown quantum state, hence redundancy
can not be applied if we handle quantum bits.

Naturally there are several other phenomena which can cause errors in quantum information
protocols, for instance faulty gates, measurements, preparations
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Fortunately, using a highly entangled state of several qubits, we have a possibility
to spread the information carried by a single qubit onto the entangled state. Peter
Shor suggested a method where the information of one qubit is stored in the highly
entangled state of nine qubits.

Classical error correcting codes generally use a syndrome measurement to detect
which error appears in an encoded state. After this, applying a corresponsive op-
eration based on the detected syndrome we can correct the error. Also in quantum
error correction protocols syndrome measurements are used. Making a multi-
qubit measurement, we do not disturb the information stored in the encoded state,
however we retrieve information about the error. Besides diagnosing if a qubit has
been corrupted, we can also find out which qubit was affected, if we use syndrome
measurements. In addition, the outcome of a syndrome measurement bespeaks us
the way how the qubit was corrupted (bit flip, sign flip or both).

It is natural to ask: how can the effect of the noise be one of a few possibilities,
when the noise itself can be arbitrary? In most of the codes, this effect can be
either a bit flip, or a sign flip, or both (corresponding to the Pauli matrices X,
Z, and Y). It is important to keep in mind that syndrome-measurements are pro-
jective measurements (just like any of the quantum measurements (except when
POVM is made, but this kind of measurement is not discussed in this semester)),
hence though the noise can be arbitrary, it can be built as a superposition of ba-
sis operations. The syndrome-measurement makes the qubit to choose one of the
Pauli errors to have happened (it is said to be Pauli error” because of the kinds
of errors, for instance bit flip, sign flip, or both), and the syndrome bespeaks us
which error was choosen. Hence we can apply the same Pauli operator on the cor-
rupted qubit and in this way the effect of the error can be reverted. Unfortunately
syndrome-measurements tell nothing about the value stored in the logical qubit.

9.4.1 The bit flip code

As we know, repetition code can not be used in case of a quantum channel, be-
cause of the no-cloning theorem. Fortunately there is a solution of this problem,
namely the three-qubit bit flip code. In this method syndrome-measurement and
entanglement are applied and this “protocol” is as effective as the repitition code
was in classical cases.

Let suppose we want to transmit a qubit [¢/) through a noisy channel C'. We know
that this channel either flips the state of the qubit, with probability p, or leaves it
untouched. Hence, if we have a general qubit p as an input state of the channel C,
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Figure 9.1: Quantum circuit of the bit flip code

the action of the channel on the qubit can be written as

C(p) = (1 —p)p+pXpX.

In our case, we want to transmit the following state: ) = «|0) + 5|1). Without
applying any error correcting protocol, the state will be correctly transmitted with
a probability of 1 — p. Naturally this number can be improved, if we encode the
state into a greater number of qubits. In this way we can detect and correct errors
in the corresponding logical qubits.

In the case of the simple three-qubit repetition code, the encoding means the fol-
lowing mappings:

|0) — |0L) =1000) and |1) — [1.) =|111).

The input state |1) is encoded into the state |[¢)') = «|000)+/3|111). This mapping
can be realized in case we apply two CNOT gates to entangle the system with two
ancillary qubits initialized in the state |0). Hence, the encoded state |¢)') is sent
through the noisy channel.

The channel can have an effect on |¢'), because it can flip some subset of the
qubits of the state. There is no qubit flip with a probability of (1 — p)3, one of
the qubits is flipped with a probability of 3p(1 — p)?, two of them are flipped with
a probability of 3p*(1 — p) and all of them are flipped with a probability of p>.
Let us realize that there is an additional assumption about the channel, namely:
we assume that the effects of C' on each qubit of |¢)') are independent and equal.
Thus our problem is how to detect and correct such errors, without corrupting the
state to be transmitted.



CHAPTER 9. SOME SIMPLE APPLICATIONS OF ENTANGLEMENT 165

For the sake of simplicity, let us suppose that p is very small, thus the probability
of more than one qubit is flipped is negligible. In this case we can detect if a qubit
was flipped, without also querying for the values being transmitted, by asking
whether one of the qubits differs from the others. This amounts to performing a
measurement with four different outcomes, corresponding to the following four
projective measurements:

Py =000)(000| 4 [111)(111]
P, =|100)(100| 4 [011)(011]
P, =]010)(010] + |101)(101]
P; =1001)(001] + |110)(110|
We can do it, if we first measure Z; 7, and then Z,Z3. This tells us which qubits
are different from which others but does not yield any information of the state of
the qubits. In case we obtain the outcome which corresponds to Fy, there is no
need to apply any of the corrections. On the other hand, in case of obtaining an
outcome corresponding to F;, we have to apply the Pauli X gate on the i-th qubit.

This procedure can be expressed by the following map (which has to be applied
on the output of the channel):

3
Ccorr(lo) = POpPO + szf)sz’LXz

i=1

It is important to know that this procedure does not work properly, if there are
more the one qubit flipped by the channel.

9.4.2 The sign flip code

Although in classical case bit flip can be the only kind of error, using a quantum
computer we have to face another kind of error, namely the sign flip. This means
that the relative sign between |0) and |1) can become inverted. For example a
state like this |—) = \/%(|O> — |1)) can change into the following state: |4+) =

%5(|0> + |1)), which is a sign flip.
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Figure 9.2: Quantum circuit of the phase flip code

The original state to be transmitted is /) = «|+) + 3|—), which will be altered
into the following state:

[¢) = al +++) + Bl = —).

Expressing a state on the Hadamard base, a sign flip becomes bit flip and vice
versa. In case Cppqse 1 @ quantum channel causing at most one bit flip, the bit flip
code can recover |¢)) by transforming it into the Hadamard basis before and after
transmission through Cppgse.

9.4.3 The Shor code

A noisy channel can cause sign flip, bit flip or both. Using the Shor code both
types of errors can be corrected. Actually, arbitrary single-qubit errors can be
fixed by applying the Shor code. Let us suppose C'is a quantum channel, which
can corrupt a quantum bit in an arbitrary way. In our figure, the 1st, 4th and 7th
are for the sign flip code and the three group of qubits (1,2,3), (4,5,6), (7,8,9)
are designed for the bit flip code. Using the Shor code, we transform the state
|Y) = «|0) + f|1) into the product state of nine qubits /') = «|0g) + [|1s),
where

0g) = 2—\1/§(|000> F1111Y) ® ([000) + [111)) @ (J000) + [111))
and
b

|1S>=2\/§

(1000) — |111)) ® (J000) — |111)) @ (]000) — |111)).

In case one of the qubits has a bit flip error, the syndrome analysis is performed
on each set of states (1,2,3), (4,5,6), (7,8,9), and the error will be fixed.
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Figure 9.3: Quantum circuit of Shor code

If the three bit flip groups (1,2,3), (4,5,6), (7,8,9) are considered as three inputs,
the Shor code circuit can be reduced as a sign flip code. In other words, the Shor
code can also fix sign flip error for a single qubit.

Any arbitrary error can be corrected by the Shor code, in the case of a single qubit.
Considering an error as a unitary transform U (acting on a qubit [¢)}), it can be
described by the following expression:

U:COI+C10'$+CQO'y+C30'Z,

where ¢y, c1, co, c3 are complex factors, [ is the identity operator and there are the
familiar Pauli matrices in the formula, namely:

INOEAY IO (1 0
%2=\10) %%~ \i o) =7 \o -1

In case U = 0, there was no error. If U = o,, there was a bit flip. In the case of
U = o, there was a sign flip. And if U = i0,, there were both bit flip and sign
flip. From the linearity, it follows that the Shor code can fix arbitrary one-qubit
errors.

We remark there are other quantum error correcting protocols, but our present
knowledge is not enough to understand how they work.
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Chapter 10

Quantum search

10.1 The Grover algorithm

The Grover algorithm answers the question how to find a needle in a haystack in
a way which is more effective than any of the known classical methods.

What is it all about? Let us supppose we have a list of phone numbers sorted by
names and we would like to know whose phone number has been given to us. In
the reverse case when we have to find a phone number for a given name, we can
use the following efficient (classical) algorithm:

We look at the middle of the list of N names and find out if the sought name is
before or after the middle of the list. In case it can be found before the middle
point, we will look at the middle of the first halfe of the list (at the end point of
the quarter of the whole list). Comparing the name found here with the name we
seek, we can split the list again to get a new (and smaller) part list to be looked
through.

In this way, at the nth step, the length of the part list we have to look through yet
is 2% That is after approximately log, N steps we find the sought name and the
phone number belonging to it. This is an algorithm with a Poly(log N') complex-
ity which is said to be easy.

However, in the reverse case, it is hard to handle the problem, because the phone
numbers are not ordered. If we want to find the name which belongs to the known
phone number with a probability of 1/2, we have to look through N/2 names (with
their phone numbers), that is we have to take 2'°¢2(N/2) steps. In other words, in
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this case, the task is exponential in log N.

Using the Grover algorithm, the number of steps will be proportional to v/N in-
stead of N/2. (Though, this effect is not as significant as the accelerator effect of
Shor algorithm in the case of prime factorization, but this is an interesting result.)

It is natural to ask how this algorithm works. The mathematical task is the fol-
lowing: Let the list of the names be considered as a set of Z% = {0, 1, ... N — 1}
and - on this set - let us have the following function z € Z%, * — g(z), which
gives the related phone number g(z). Let us suppose we have been given a phone
number g(w) and we want to find w € Z%,, whose image is g(w).

We define another function f(z) with the following properties:

fw(‘r) = 1, if z=w
Jolz) =0, if z#w (10.1)

This is the so called oracle, where x is the input and f(x) is the output. Physically,
this can be the phone book itself. The essence is the following: for a given x, f
can be calculated rapidly, but in the reverse case (where we want to find r = w
for which f,(z) = 1) we face a hard solvable problem.

The real question is that how many times do we need to ask the oracle until we find
w? Let us define the following two-register operation (or ”quantum machine”):

Uy [2)]y) = |2)|y @ fu(2)), (10.2)

where, on the first register /V different numbers can be imaged, that is the first
register is an L-qubit register, where L is the smallest number for which N < 2
and |x) is imaged as the binary form of number z.

The second register is a two-qubit register. Learning of Deutsch algorithm, we
saw that if the initial state of the second qubit is \/%(|0) — 1)), then

1

\/5\@(\0 D fu(2)) = 1@ ful@)) =

U, + [2)—(10) - 1)) =

Liz)(j0y — 1) if fu(x)=0
_ V2 |
{%!fﬂ)(m —|0)) if f(z)=1. (10.3)
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This means that

(10) = 1) = (—1)f“’(x)|ﬂf>%(|0> — 1) (10.4)

1
U, : |z) 7
Now the second register (whose state remains the same) can be omitted and we
examine the first one only. Being one of the elements of the special computational
base, the sought |w) is orthogonal to all the other elements of the base. Thus in
case the state of the second register is held unchanged, the effect of operator U,
can be expressed by the following formula:

Ulz) = (=1)*@z) = (1 = 2Jw)(w])|z), (10.5)

because (w|z) = 0, if w # x. Being true for the base vectors, due to the linearity,
it has to hold true for the cases of any other vectors. That is operator U, has the
following shape:

Uy, =1-2|w)(w|

Uul¥) = [¥) = 2w)(w[y). (10.6)

Now we show how the effect of the unitary operator U, can be imagined geo-
metrically. In this (geometrical) picture this effect is actually a mirroring to a
hyperplane which is perpendicular to |w). What does it mean exactly? Let us
have the two component vectors of an arbitrary state |¢)). One of them lies in the
direction of |w) and the other one is perpendicular to this direction. In this case,
due to the effect of U, the sign of the vector which is parallel with |w) will be
changed while the other component vector (which is othogonal to |w)) will be un-
touched. In case of an arbitrary vector |1)), a decomposition like this can be seen
below:

[¥) = |w){wl) + ([¢) = lw){w[)), (10.7)

where the first member is the component which is parallel with |w) and the second
one is the orthogonal component. Indeed, if the sign of the first member is changed
to its reverse (in other words it is mirrored to the plane which is perpendicular to
|w)), the resulted state is
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o) = [¢) = 2w} (W) = Us|9), (10.8)

which is exactly U, |¢)) (as it can be seen above).

Now let us introduce a state which is the symmetric linear combination of all
computational base state:

[s) = —= ) |x). (10.9)

We know also |w) is one of the elements of the computational base, but we
do not know which element is it. Hence, in case of making a measurement in
the computational base, the measurement will result |w) with a probability of
|{(w|s)|* = 1/N. This probability value is equal to the one which can be obtained
in case of seeking |w) in a classical random way.

However, Grover algorithm is an iteration, which increases the probability of find-
ing w step by step. Let us consider the following unitary operator

U, = 2|s)(s| — 1. (10.10)

Using this operator, its operation preserves the component which lies in the direc-
tion of the symmetric average of all base states, that is the component along the
direction of |s) will be untuched, while the other component which is orthogonal
to |s) will be mirrored.

Now let us consider the Grover operator G = U,U,,. Applying it on |s) and again
on the resulted state, and so on, after enough number of iterations, we get the
proper w. Indeed, let us consider

(w|s) = \/LN = siné, (10.11)

where the equation defines #, which is the angle between the symmetric vector
and the plane which is orthogonal to the sought |w). Let us have two orthogonal
components of |s), where one of them is in the direction of |w) (and naturally the
other one is orthogonal to it). In this way we get the following expression:
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|s) = |w)sin @ + |w, ) cos b, (10.12)

where |w, ) is a unit vector which lies in the direction of |s;) = [s) — |w)(w]s),
thatis |w, ) = [s1)/|s.|- Applying U, on |s ), we get the following result:

|s") = —|w)sinf + |w, ) cosO. If we apply Us on the previous result, overall we
achieve the following operation: G|s), or

Gls) = |s1) = |w)sin36 + |w, ) cos36. (10.13)

(This result can be seen geometrically, but also can be deducted from the formulae
above.) From this, it directly follows that vector |s) turns towards |w) from |w, ).
It can be seen easily that if we apply G again, the resulted state will be

G?|s) = Gls;) = |s2) = |w)sin560 + |w, ) cos5 0 (10.14)

and in general

G"|s) = |sn) = |w)sin(2n + 1) 0 + |wy ) cos(2n + 1) 6. (10.15)

If we stop iterating in the proper moment, then |s,,) will be close to |w), that is
(sn|w) ~ 1. This means if we make a measurement in the computational base we
will get |w) with a big probability. This can happen, if the angle of the turning is
about 7 /2.

If N is big, then sinf = 1/v/N < 1506 ~ sinf = 1/+/N. Thus at the T'th step
the angle is (27 + 1) 0 ~ (27 + 1)/v/N and this value is close to 7/2, that is
(2T 4 1)/V/'N = 7 /2. From this it follows that the number of the steps we need
to take is about the following value:

1
T:%\/ﬁ—ﬁ, (10.16)

which is proportional to v/ N. However, T has to be an integer number so the
following formula is righter: 7' = Z+/N(1 — O(1/V/N)). After taking these steps
the probability of finding w is

P(w) = [{sp|w)|? =sin?(2T +1)8 = 1 — O(1/N). (10.17)
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Operator U, has to be applied once in every step, hence also function f has to be
examined once in every step. The previous result means that our search is v/ N
times shorter than in a classical case. However, we have to be careful, because in
case we do not stop iterating in time, we will move away from w.

Let us consider a simple case, where N = 4. Though, in this situation 6 is not
small, but our method works well, because sin# = 1/2 and from this it directly
follows 6 = 7/6, that is after one rotation the value of the angle 36 = 7/2. This
means that the result is equal to w exactly. If we wanted to solve this problem
using classical search, the expectation value of the number of tryings would be
1-342-7+3-7+4-1=25



Chapter 11

Universal covariant quantum cloner

Though - as we already know - quantum cloning is an impossible quantum map,
it is still possible to create imperfect replicas of a quantum state with optimal
fidelity [4]. This protocol, originally introduced by Buzek and Hillery [5], is called
quantum cloning. It is also possible to perform asymmetric quantum cloning: the
fidelity of the copies might not be equal [6, 7]. Quantum cloning has been studied
very extensively in the literature, and it has many variants. See Ref. [8] for a
review.

In this chapter we are interested in asymmetric universal cloning transformations
for individual quantum bits. A quantum circuit was designed by Buzek et al.
for this purpose [9], which was later generalized to arbitrary dimensional quan-
tum systems [10]. We shall call this circuit UCQC (universal covariant quantum
cloner) in what follows. It has a special feature of being quantum controlled, that
is, the fidelity ratio of the two clones is controlled by the initial quantum state of
two ancillary quantum bits (one of which will carry the clone after the process).
This idea turned out to be related to the concept of programmable quantum net-
works or quantum processors [11]. These are fixed quantum networks which are
capable of performing operations on quantum systems in a way that the opera-
tion itself is encoded into the initial quantum state of ancillae. It was found that
the very circuit for universal quantum cloning is in fact a probabilistic universal
quantum processor [12].

In this chapter we consider UCQC-s as entanglement manipulation devices. In the
context of cloning, one may ask several questions. One may consider the cloning
of an entangled quantum state as a whole, in order to obtain similar entangled
pairs. For two qubits this has been analyzed in detail by several authors [13, 14,
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15]. In particular, Buzek at al. [16] compare the fidelity of cloning of an entangled
pair by global and local operations.

Another approach might be the broadcasting of entanglement, proposed by BuZek
et al. [16]. In this case two parties share an entangled pair and use cloners locally
to obtain two partially entangled pairs. This protocol attracted a relevant attention
in the literature, too. Topics such as state-dependent broadcasting [17], broadcast-
ing of multipartite entangled states: W-states [17, 18], GHZ-states [19], and linear
optical realizations [20] were discussed in detail.

In this chapter, we consider the entanglement manipulation capabilities of the
universal covariant quantum cloner or quantum processor circuit for quantum bits.
We investigate its use for cloning a member of a bipartite or a genuine tripartite
entangled state of quantum bits. We find that for bipartite pure entangled states
a nontrivial behavior of concurrence appears, while for GHZ entangled states a
possibility of the partial extraction of bipartite entanglement can be achieved.

Consider an entangled pair. It is always interesting to ask what happens to the
entanglement if any of the members of the pair is subjected to some quantum in-
formation processing protocol. In the case of quantum teleportation, for instance,
rather strikingly the teleported qubit inherits the entanglement of the original qubit
with its pair. It is rather natural to ask what happens in the case of a universal
quantum cloner. The answer for qubit pairs is partly given by Bandyopadhyay
and Kar [21]. They show that if a member (or both members) of a maximally en-
tangled qubit pair is subjected to an optimal universal quantum cloning operation,
the resulting state is a Werner state. It is likely, however, that a cloning transforma-
tion is realized by some quantum circuit, which uses ancillae for carrying out the
operation. It is obviously interesting how the entanglement between the different
quantum bits of such a scenario (including also ancillae) behaves. In this chap-
ter we consider the UCQC as a circuit, not only the cloning operation itself. We
calculate entanglement as measured by concurrence (see Chapter 8). It turns out
that the ancillae play a very specific role and the behavior of concurrence shows a
rather interesting pattern. The recent optical realization of certain programmable
quantum gate arrays [22] also contributes to the relevance of this question.

Another similar question might be the partial extraction of bipartite entanglement
from a GHZ-type threepartite resource. It is known that if three qubits are in a
GHZ state [23], then a measurement on either of the three qubits in the |+) basis
(eigenbasis of the o, Pauli-operator) projects the state of the remaining two qubits
into a maximally entangled state. We show that if the given particle is cloned in
advance, it is possible to create bipartite entanglement by measuring the clone,
while there still remains some purely threepartite entangled resource in the state
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Figure 11.1: The setup for bipartite entangled states. The dashed box contains the
universal covariant cloning circuit, composed of four controlled-NOT gates.

of the three parties. This is indicated by the possibility of entangling a different
pair of qubits by a next measurement. The nature of the entanglement in the mul-
tipartite system can be also analyzed with the aid of the Coffman-Kundu-Wootters
inequalities [2] (see Chapter 8), which quantify the monogamy of entanglement.
We shall present such an analysis, too.

This chapter is organized as follows: in Section 11.1 we analyze the behavior of
bipartite entanglement in the case when UCQC is applied to clone a member of a
maximally entangled pair. In Section 11.2 we consider the application of UCQC
for the partial extraction of bipartite entanglement from a Greenberger-Horne-
Zeilinger state. In Section 11.3 the results are summarized and conclusions are
drawn.

11.1 Bipartite pure states

The considered setup is depicted in Fig. 11.1. The quantum circuit in the dashed
box is the universal quantum cloner [10]. Its first input port (which is port 2 in
our current notation) receives the state to be cloned, while on the second two ports
there impinges a so-called program state:

[UEE?) = N (a (10)(0) + (1)) + B (00) + [11))), (11.1)
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where N' = 1/4/2(a + (3?) is a normalization constant, « is a real parameter and
B =1 — a. (In Ref. [9] there is an additional circuit introduced to prepare the
program state of Eq. (11.1), as a first step of cloning, which we have omitted here,
as it does not have a role in the cloning process itself.) Were a single-qubit state o
impingent on port 2, the output states would be:

8 @
— i i,

2T a2 20t )
e B2 .

- + i

&= a2’ T Bt a?)

_ap T o? + (2 i
#2+a’ T2a+p)

04 (11.2)

The clones reside in ports 2 and 3, the original qubit and the first ancilla, whereas
in the port 4 there is an ancilla, the state of which is a mixture of the state described
by the mixture of the transpose of the density operator of the original state and the
identity operator. The fidelity of the clones depends on the value of a: for « = 0
there is no cloning, whereas for & = 1 the state of the original qubit is fully
transferred to the clone, leaving the original qubit in a completely mixed state.
For other values of alpha there are optimal clones generated. Note the symmetry
of the formulae in « and f3.

In the terminology of cloning this setup realizes an optimal universal asymmetric
cloner. The term asymmetric expresses that the two clones are not identical, their
fidelity with respect to the original state is different, but controlled by the param-
eter . Setting o = %, we obtain the symmetric case. The cloning is universal
in the sense that the realized cloning transformation itself does not depend on the
input state. Optimality in this context means that the second clone is obtained
with maximal fidelity for a given fidelity of the first one.

Let us return to the description of the whole scenario in argument, depicted in
Fig. 11.1. The qubits 1 and 2 carry the initial bipartite input state. Qubit 2 is
subject to cloning, while qubit 1, the first part of the pair is not manipulated. We
are interested in the entanglement relations between the different pairs of qubits
in the resulting state. As for the measure of bipartite entanglement for qubits, we
apply concurrence according to the Wootters formula as we saw in Eq. (8.17).
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Figure 11.2: (color online) The concurrence between the various pairs of qubits
at the output of the setup in Fig. 11.1. The input state is either of the four in
Eq. (11.3), the same figure is obtained for each choice, though the states them-
selves differ. The “program” state is the one in Eq.(11.1). The concurrence be-
tween qubits 1 and 4 is zero. The plotted quantities are dimensionless.

As an input state we consider a state in either of the following four forms:

D7) = 1/C|00) £ \/Cy[11),

or
(Y = 1/ Col01) £ 1/C1[10),
Co+Cy =1 (11.3)

As for the nonzero concurrences between the various pairs of qubits, we obtain the
behavior in Fig. 11.2, regardless of the choice from the above states. The output
states, however, depend on this actual choice, we shall comment on this later.

In the figure one can observe that the entanglement between qubits 1 (the one not
manipulated) and qubit 2 (the original qubit) behaves in the similar way as that
between qubit 1 and 3 (the one not manipulated and the clone). For a = 0 (no
cloning), qubits 1 and 2 are entangled as they were originally, while for a = 1,
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complete cloning, the entanglement is transferred to qubits 1 and 3, the clone
plays the role of the former original qubit completely. The surfaces representing
the concurrence for the pairs 1-2 and 1-3 are symmetric in the cloning parameter
«, that is, they can be obtained from each other by the & — 1 — « substitution.
The dependence of these entanglements from « is monotonous but not continuous:
for small values there is a region where the entanglement is zero, and it appears
suddenly and non continuously. The dependence of these concurrences on the
initial entanglement in the state C, is monotonous and continuous.

It is also interesting to observe that a similar non-symmetric behavior appears
in the concurrence of qubits 3-4 and 2-4. The program state of Eq. (11.1), in
which the qubits 3-4 are prepared initially, is maximally entangled for a = 0,
the case of no cloning, and its entanglement decreases with the increase of the
cloning parameter . Accordingly, the entanglement of qubits 3-4 decreases with
« also after the cloning operation, while the complementary behavior (in the sense
of @ — 1 — « substitution) appears between qubits 2 and 4 (the cloned part
of the input state and the ancilla of the cloner). Note that the entanglement of
qubits 3 and 4 is not equal to their entanglement before the cloning operation: the
concurrence of the partially entangled program state in Eq. (11.1) is a monotonous
and continuous function of «, and its values are not equal to the concurrences
after the cloning operation. Moreover, the concurrence of qubits 3 and 4 after
the cloning also depends slightly on that of the input state of qubits 1 and 2, in
Eq. (11.3).

As for the remaining pairs, qubits 1 and 4 (the qubit not manipulated and the
ancilla) will not be entangled, while between qubits 2 and 3 (the second input
state and its clone), as a nontrivial effect, there is a small amount of entanglement
appearing only in the case the input state (of qubits 1-2) is only slightly entangled.

A special case arises if the input state of qubits 1 and 2 is maximally entangled.
This is the case of Cy = 1/2 in Fig 11.2. The concurrence between qubits 1-2 and
3-4 (two originals, two program qubits of the cloner) is equal to each other. The
complementary pairs, qubits 1-3 (not manipulated-clone) and 2-4 (clone-ancilla)
have also equal concurrences. The dependence of these concurrences on « is
depicted in Fig. 11.3. The behavior of these curves is due to the fact that the
universal cloning transformation produces Werner states. Indeed, if the input state
is in Eq. (11.3) is the maximally entangled |®(*)) Bell-state, where the states of
qubit-pairs 1-2, 1-3, 2-4, 3-4 are Werner-states of the form

1—~.
Q(Wemer) _ 7|CI>(+)><<I>(+)| + 771, (11.4)

where 1 stands for the identity operator of the two-qubit space. The value of the
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parameter y is

o
— = 11.5
M2 =3= (11.5)
for pairs 1-2 and 3-4, while it is
8

M3 =02 = (11.6)
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Figure 11.3: A slice of Figs. 11.2 a-c) for Cy = 1/2, that is, for any of the maxi-
mally entangled Bell-states as input. The plotted quantities are dimensionless.

Note that the denominator on the right-hand-side of the above formulae comes
directly from the normalization constant of the program state in Eq. (11.1) (i.e.
the scaling of parameters in Eqgs. (11.5) and (11.6) is merely a consequence of
our particular choice of parameters). In the case we choose a different one from
the states in Eq. (11.3), we obtain local unitary transforms of the Werner state in
Eq. (11.5). The message of the consideration for cloning an element of a maxi-
mally entangled pair is not the fact that Werner states are obtained in qubits 1-2
and 1-3, since it was known from the literature [21]. What is nontrivial here that
in the UCQC circuit this behavior is repeated between the ancilla (qubit 4), and
qubits 2 and 3, and this holds only in the case of the cloning of a member of a
maximally entangled state. Finally let us note that the behavior of qubits 2, 3, and
4 cannot depend on the properties of qubit 1 since it is a remote system from the
UCQC’s point of view. It is the reduced density operator of qubit 2 which can
influence their behavior. We have found that only for a maximally entangled pair,
a concurrence characterizing a nonlocal property is equal to another concurrence
which is a local property of the cloner.
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11.2 The GHZ state

In this section we consider the case in which a member of a Greenberger-Horne-
Zeilinger (GHZ) state is cloned. This tripartite state, of the form

1
V2
is known to be genuinely tripartite entangled. That is, all the pairwise entangle-
ments (as measured by concurrence) are zero, however, all of the three qubits

are in a maximally entangled state. When any of the qubits is subject to a von
Neumann measurement in the basis

1

V2

the other two qubits will be in either of the maximally entangled Bell-states

|p(GHZ)y (]000) + [111)) (11.7)

+) (10) £ 1)), (11.8)

1
V2

depending on the measurement result. The probability of the measurement results
are equal. In this way the tripartite entangled resource in the GHZ state can be
converted into maximal bipartite entanglement.

|dF) = —(|00) + |11)), (11.9)

The scenario we consider for GHZ states is depicted in Fig. 11.4. Qubits 1-3 carry
the input state which is a GHZ state in Eq. (11.7). Qubit 3 enters the UCQC'’s first
port. The program ports of the UCQC are qubits 4 and 5, considered again to be
in the program state in Eq. (11.1).

Directly after the operation of the cloner all pairwise concurrences are zero, except
for the one between qubits 3-5 and 4-5. Their value is represented by curves “A”
and “B” in Fig. 11.5. This fact is easily explained by the following reasoning.
From the point of view of the UCQC circuit, qubits 1 and 2 are remote ones, thus
they cannot influence the local properties of qubits 3, 4 and 5. All we “see” at
the locus of the UCQC is that qubit 3 is in a maximally mixed state, as it is a
member of the maximally entangled threepartite GHZ state of Eq (11.7). But the
same situation would arise if qubit 3 were maximally entangled in a bipartite sense
with one additional qubit, as we have considered in the previous Section. Thus
the behavior of concurrences between the pairs ancilla-original and ancilla-clone
are the very same as in the case of cloning a member of a bipartite maximally
entangled state (or a member of any kind of multipartite entangled state which is
itself in a completely mixed state for this reason): Werner states are obtained.
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Figure 11.4: The setup for the tripartite GHZ state. Qubits 1-3 hold the GHZ
state initially. The dashed box contains the universal covariant cloning circuit,
composed of four controlled-NOT gates. The “meters” measure in the |+) basis.
First the clone (qubit 4), then a member of the original GHZ state (qubit 1) is
measured. The horizontal position from the left to the right side thus represents
the order of operations in time.

Projective measurement on the clone. Motivated by the relation of the projec-
tive measurements of the members of a GHZ state on the |+) basis, one may now
consider a measurement of this kind on the clone, that is, on qubit 4. This mea-
surement will not alter the bipartite entanglement between qubits 3-5, and that
between 4-5 will disappear due to the measurement. However, there will be an
even larger entanglement appearing between qubits 1 and 2, this is curve “C” in
11.5. Both measurement outcomes will have equal probability and also the entan-
glement behavior is the same for both cases. In case of full cloning (o« = 1), we
obtain a pure EPR pair as expected. (We remark here that if we were to measure
on the original qubit (qubit 3) instead of its clone, we would obtain the counter
propagating curve of the same shape, curve “D” in Fig. 11.5, as one would ex-
pect. The role of the original and the clone is symmetric. Entanglement of 4-5
will not alter, while that of 3-5 will disappear in this case.) This is a partial con-
version of the resource available as genuine tripartite entanglement into bipartite
entanglement.

Measurement on the qubit 1. In order to further justify this statement let us
consider a second measurement, now on qubit 1. Again, the results will be uni-
formly distributed and the entanglement itself will not depend on the measurement
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Figure 11.5: (color online) Pairwise concurrences in the GHZ-cloning scenario.
A: qubits 3-5 after the cloner and also after each measurement, B: qubits 4-5 after
the operation of the cloner, C: qubits 1-2 after the first measurement, D: qubits 2-3
after the second measurement, E: qubits 2-5 after the second measurement. The
plotted quantities are dimensionless.
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result. The entanglement between qubits 3 and 5 will be untouched, and that be-
tween qubits 1 and 2 will be destroyed by the measurement of course. Meanwhile
we obtain nonzero entanglement between pairs 2-3 and 2-5, these are the curves
“D” and “E” in Fig. 11.5, respectively. Indeed, if the extraction of the tripartite
entanglement was not full (i.e. a # 1), one can still obtain bipartite entangle-
ment by measuring another qubit this time. Curves “C” and “D”, describing the
entanglement between 1-2 after the first measurement, and that between 2-3 af-
ter the second measurement, respectively, are counter propagating, reflecting the
interplay between the two extractions. As a side effect, there is a small amount
of entanglement which appears between qubits 2-5 after the second measurement,
this is curve “E” in Fig. 11.5.

The use of the partial extraction of the entanglement is the following. Consider
that qubit 1 is at Alice, qubit 2 at Bob, while the rest of the qubits is at Charlie.
Initially they share a tripartite GHZ resource. Charlie wants to enable Alice and
Bob to use a bipartite maximally entangled channel. He might perform the pro-
jective measurement on the clone he has, however, in this case his qubit 3 gets
disentangled from the rest of the parties. However, if he performs cloning and
measures the clone, Alice and Bob still obtains a partially entangled bipartite re-
source. However, Alice can decide that instead of using a bipartite channel with
Bob, she wants to create a channel between Bob and Charlie. All she has to do is
to perform a proper measurement on her qubit and communicate the result: Bob
and Charlie shall posses a partially entangled bipartite resource. This would not
be possible without the cloning. The same could be done of course by Bob, to
enable the bipartite resource between Alice and Charlie.

In order to obtain a deeper insight into the behavior of bipartite entanglement
in this multipartite system, it is worth examining the Coffman-Kundu-Wootters
inequalities. As we mentioned in Chapter 8, if inequalities in Eq. (8.20) are
saturated, the bipartite entanglement is maximal.

To quantify the saturation we evaluate

s=m— Y C} (11.10)
£k

which is zero if the inequalities are saturated. After the first measurement we
obtain nonzero values except for the fourth qubit (apart from the case of o = 1.
The behavior is depicted in Fig. 11.6. The fact that the CKW inequalities are
not saturated also suggests the presence of additional multipartite entanglement
in the system. After the second measurement, on the other hand, we find that all
the CKW inequalities are saturated: the system is in a sense maximally bipartite
entangled.



CHAPTER 11. UNIVERSAL COVARIANT QUANTUM CLONER 187

Figure 11.6: The quantity in Eq. (11.10), which is zero if the CKW inequalities are
saturated, for each qubit after the first measurement in our GHZ-cloning scenario.
For qubit 4 the quantity is zero. The plotted quantities are dimensionless.
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11.3 Conclusion

We have shown that when using a universal covariant quantum cloning circuit to
clone a member of an entangled pair of qubits, a very specific behavior of the
entanglement of the qubits appears. The main feature is that behavior of the en-
tanglement between the not cloned part of the pair and the cloned one is repeated
in the entanglement of certain ancillae, and so is that of the not cloned qubit and
the clone, provided that the original qubit pair was maximally entangled initially.
We have described the behavior of the entanglement in detail.

We have also investigated the cloning of an element of the GHZ state. It ap-
pears that the universal quantum cloning circuit facilitates the partial extraction
of bipartite entangled resources from a genuine tripartite entangled resource. We
provided a detailed analysis of the entanglement behavior, including the relation
to Coffman-Kundu-Wootters inequalities.

In conclusion, the universal quantum cloning circuit (or quantum processor) for
qubits is found to be useful as an entanglement manipulator as well. It can per-
form entanglement manipulations which are potentially applicable in quantum
information processing.
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